REGULARIZING EFFECT AND LOCAL EXISTENCE 
FOR NON-CUTOFF BOLTZMANN EQUATION 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



Abstract. The Boltzmann equation without Grad's angular cutoff assumption is beheved to 
have regularizing effect on the solution because of the non-intcgrable angular singularity of the 
cross-section. However, even though so far this has been justified satisfactorily for the spatially 
homogeneous Boltzmann equation, it is still basically unsolved for the spatially inhomogeneous 
Boltzmann equation. In this paper, by sharpening the coercivity and upper bound estimates 
for the collision operator, establishing the hypo-ellipticity of the Boltzmann operator based 
on a generalized version of the uncertainty principle, and analyzing the commutators between 
the collision operator and some weighted pseudo-differential operators, we prove the regularizing 
effect in all (time, space and velocity) variables on solutions when some mild regularity is imposed 
on these solutions. For completeness, we also show that when the initial data has this mild 
regularity and Maxwellian type decay in velocity variable, there exists a unique local solution 
with the same regularity, so that this solution acquires the C°° regularity for positive time. 



1. Introduction 

Consider the Boltzmann equation, 
(1.1) ft+v-V^f ^QUJ). 

where / = f{t,x,v) is the density distribution function of particles with position a; € M'^ and 
velocity ?; G R'^ at time t. The right hand side of (jl.ip is given by the Boltzmann bilinear collision 
operator 

Q{gJ)= f f B{v-v.,a){giv:)f{v')-gMfiv)}dadv., 

which is well-defined for suitable functions / and g specified later. Notice that the collision operator 
Q{- , •) acts only on the velocity variable v € M."^. In the following discussion, we will use the 
cr— representation, that is, for cr S S^, 

|f — I 



-cr, = cr, 



2 2'* 2 2 

which give the relations between the post and pre coUisional velocities. 

It is well known that the Boltzmann equation is a fundamental equation in statistical physics. 
For the mathematical theories on this equation, we refer the readers to [22l [23l [33l [37l [57] , and the 
references therein also for the physics background. 

In addition to the special bilinear structure of the collision operator, the cross-section B(v~v^,, a) 
varies with different physical assumptions on the particle interactions and it plays an important 
role in the well-posedness theory for the Boltzmann equation. In fact, except for the hard sphere 
model, for most of the other molecular interaction potentials such as the inverse power laws, the 
cross section B{v — cr) has a non-integrable angular singularity. For example, if the interaction 
potential obeys the inverse power law r"^^"^-* for 2 < p < oo, where r denotes the distance between 
two interacting molecules, the cross-section behaves like 

B(|v-w*|,cos6i) ~ |v- v*p6i-2-2-, cos6i = (|Jj— d), < 6* < |, 



\v - 
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with 



p-5 1 

-3<7=i- < 1, 0<s = < 1. 

p — 1 p ~ 1 



As usual, the hard and soft potentials correspond to 2 < p < 5 and p > 5 respectively, and the 
Maxwellian potential corresponds to p — 5. The fact that the singularity 0^2-2s integrable 
on the unit sphere leads to the conjecture that the nonlinear collision operator should behave like 
a fractional Laplacian in the variable v. That is, 

/) ^ ^{—^vYf + lower order terms. 

Indeed, consider the Kolmogorov type equation 

ft+v ■ V./ = -(-A,„)7. 

Straightforward calculation by Fourier transformation shows that the solution is in Gevrey class 
when < s < ^ and is ultra- analytic if ^ < s < 1 for initial data only in i^(M^ x K^) if it admits 
a unique solution (see [50j for a more general study). However, for the Boltzmann equation, the 
gain of Gevrey regularity of solution is a long lasting open problem which has only been proved so 
far in the linear and spatially homogeneous setting, see [48] . 

The mathematical study on the inverse power law potentials can be traced back to the work 
by Pao [52j in the 1970s. And in the early 1980s, Arkeryd in ^15] proved the existence of weak 
solutions to the spatially homogeneous Boltzmann equation when < s < i, while Ukai in [53] 
applied an abstract Cauchy-Kovalevskaya theorem to obtain local solutions in the functional space 
of functions, which are analytic in x and Gevrey in v. However, the smoothing effect of the collision 
operator was not studied at that time. 

Since then, this problem has attracted increasing interests in the area of kinetic theory and a 
lot of progress has been made on the existence and regularity theories. More precisely, that the 
long-range interactions have smoothing effects on the solutions to the Boltzmann equation was 
first proved by Desvillettes for some simplified models, cf. [571 This is in contrast with the 
hard sphere model and the potentials with Grad's angular cutoff assumption. In fact, for the hard 
sphere model, the cross-section has the form (in the a representation) 

B{\v - v^\,cos9) = qo\v - v^\, 

where go is the surface area of a hard sphere. For singular cross-sections, Grad |37] introduced the 
idea to cut off the singularity at 61 = so that B{\v'-v^,\, cos 6*) € i^(§^). This assumption has been 
widely accepted and is now called Grad's angular cutoff assumption which influences a few decades 
of mathematical studies on the Boltzmann equation. Under this angular cutoff assumption, the 
solution has the same regularity, at least in the Sobolev space, as the initial data. In fact, it was 
shown in [33], that the solution has the form 

/(t, X, v) — a{t, X, v)f{0, X — vt, v) + b{t, x, v), 

when the initial data /(0,x,f) is in some weighted ^ space. Here, a{t,x,v) and b{t,x,v) are 
in the Sobolev space ^ ,^ for some 6 > 0. And the term /(O, x — vt, v) just represents the free 
transport so that it is clear that f{t,x,v) and f{0,x,v) have the same regularity. 

One of the main features of the Boltzmann equation is the celebrated Boltzmann's H-thcorem 
saying that the H-functional 



satisfies 

dH{t) 
dt 
where 



H{t) = / f log fdxdv, 
Dit) = 0, 



D{t)^- Q{fj)logfdxdv>0, 
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which is called the entropy dissipation rate. Notice that D{t) is non-negative and vanishes only 
when / is a Maxwellian. The non-negativity of D indicates that the Boltzmann equation is a 
dissipative equation. This fact is a basic ingredient in the theory of the Boltzmann equation, 
see for example [33j. 

By using the entropy dissipation rate D and the "(3+ smoothing property" , the formal smoothing 
estimate was derived by P.-L. Lions (see the complete references in [6]) 

wVliVl ^vynwis. < cii/iiiT'^di/iu. + Dif)-^)", 5 = e = -^, 

1 + s 1 + s 

for any constant m > 3. Notice that the above regularity estimate is on vT but not / itself. 
Later, some almost optimal estimates together with some extremely useful results, such as the 
cancellation lemma, were obtained in the work by Alexandre-Desvillettes-Villani-Wennberg [6]. 
By using these analytic tools, the mathematical theory regarding the regularizing effect for the 
spatially homogeneous problems may now be considered as quite satisfactory, see (THl [HI [Ml [301 
[32l [39l [48l [55], and the references therein. 

However, for the spatially inhomogeneous equations, there are much less results. The main 
difficulty comes from the coupling of the transport operator with the collision operator, and the 
commutators of the differential (pseudo-differential) operators with the collision operator. There 
are two progresses which have been achieved so far. One is about the local existence of solutions 
between two moving Maxwellians in [3], obtained by constructing upper and lower solutions. The 
other one is about the global existence of renormalized solutions with defect measures constructed 
in [12j . which becomes weak solutions if the defect measures vanish. Some results on similar but 
linear kinetic equations were also given in [9] and [18]. In particular, a generalized uncertainty 
principle a la Fefferman [35] (see also [45] [46l [47] ) was introduced in [9j in order to prove smoothing 
effects of the linearized and spatially inhomogeneous Boltzmann equation with non-cutoff cross 
sections, and get partial smoothing effects for the nonlinear Boltzmann equation. In the following 
analysis, this partial regularity result, together with its proof, will also be used. 

This paper can be viewed as a continuation of our recent work [9j . Under some mild regularity 
assumption on the initial data, we will prove the existence of solutions and their C°° regularity 
with respect to all ( time, space and velocity) variables. 

Even though it is still not known whether only some natural bounds, such as total mass, energy 
and entropy on the initial data, can lead to the regularizing effect, as far as we know, the 
results shown in this paper are the first ones justifying the C°° regularizing effect for the nonlinear 
and spatially inhomogeneous Boltzmann equation without Grad's angular cutoff assumption. 

In order to state our theorems, let us first introduce the notations and assumptions used in this 
paper. 

The non-negative cross-section B{z, a) (for a monatomic gas, which is the case considered herein) 
depends only on |z| and the scalar product < -^,(7 >. In most cases, the collision kernel cannot 
be expressed explicitly, but to capture the essential properties, it can be assumed to have the form 

B(\v-vJ,cose) ^^(\v-vJ)b(cose), cos6> = ( ,^ ~ , a), 0<e<^. 

\v — v^\ 2 

Furthermore, to keep the presentation as simple as possible, and in particular to avoid the 
difficulty coming from the vanishing of the cross-section at zero relative velocity, we assume that 
the kinetic factor $ in the cross-section is modified as 

(1.2) mv ^ v,\) = {I + \v ~ v,\'')^ , 7eM. 

This point can certainly be removed using our whole calculus, at the expense of technical and more 
complicated details. 

Moreover, the angular factor is assumed to have the following singular behavior 



(1.3) 



sin6' 6(cos6i) w KO^^-^'', when 9^0+, 
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where < s < 1 and K is a positive constant. In fact 7 = corresponds to the Maxwelhan 
molecule, 7 < corresponds to the modified soft potential, and 7 > corresponds to the modified 
hard potential. The singularity will be called mild for < s < ^ and strong for ^ < s < 1. 
The case s = ^ is critical in the sense that different computations are required in many parts of 
our proofs for mild and strong singularities, as will be seen below. This is similar to the known 
fractional Laplacian studies. 

It is now well known from the work [5] that the singular behavior of the collision kernel (|1.3p 
implies a sub-elliptic estimate in the velocity variable v. In the following analysis, we shall need 
a slightly precised weighted sub-elliptic estimate in the velocity variable. We shall show that for 
7 e M and < s < 1, if / > 0, ^ , / € f] log L{M.l), there exists a constant C > such that 
for any function g E H^{M.^^) we have 

(1.4) C-i||A^W/^/25||i.(R3) < (-Q(/,.g),.g)L^«) + C||/Li(R3)||5||^ 

where 7 = max(7+,2 - 7+), 7+ = max{7, 0}. Here Wi = Wi{v) ^ {1 + Iwp)'/^ = {vY J G M, is 
the weight function in the variable u g M'^. 

Similar sub-elliptic estimates, first proved in W and then developed in many other works such 
as |51] in a linearized context, have been used crucially at least for the following two aspects: 

i) the proof of the regularizing effect on the solutions to the spatially homogeneous Boltzmann 
equations, see [TU l [TT| [5 ^ [M l liS] : 

ii) the proof of existence of solutions to the nonlinear and spatially inhomogeneous Boltzmann 
equation [illT^[57j. 

In this paper, we will apply this tool in order to study the complete smoothing effect for the 
spatially inhomogeneous and nonlinear Boltzmann equation. 

It is now well understood, see jT3] and references therein, that Landau equation corresponds to 
the grazing limit of Boltzmann equation. However, while Landau operator involves usual partial 
differential operators, it should be kept in mind that fractional differential operators appear in the 
Boltzmann case, see [SI [5]. Therefore, the analysis on the Boltzmann equation appears much more 
involved because it requires the unavoidable use of Harmonic Analysis. In particular, we shall use 
a generalized uncertainty principle which was introduced in [9 , and the estimation of commutators 
used in the work [1^ for the study of hypo-elliptic properties. 

Throughout this paper, we shall use the following standard weighted (with respect to the velocity 
variable u e ) Sobolev spaces. For m, Z e M, set M"^ = Mt x x MjJ and 

HPiR') = {/ e 5'(IR^); Wi{v) f e i/'»(R^) } , 

which is a Hilbert space. Here H™ is the usual Sobolev space. We shall also use the functional 
spaces HI'CM.^ „) and specifying the variables, the weight being always taken with respect 

to w e R^. 

Since the regularity property to be proved here is local in space and time, for convenience, we 
define the following local version of weighted Sobolev space. For — oo<Ti <T'2<+oo, and any 
given open domain ft C Mi^, define 

nr(]Ti, T^ixn X Rl) = {/ e p'QTi, T^ixn X Rl); 

Our first main result is about the smoothing effect on the solution and can be stated as follows 

Theorem 1.1. (Regularizing effect on solutions) 

Assume that < s < 1, 7 G M, —00 < Ti < T2 < +00 and let fl C R^ be an open domain. 
Let f be a non-negative function belonging to TifQTi, T2[xfl x M^) for all I E N and solving the 
Boltzmann equation in the domain jTi, T2[xfl x in the classical sense. Furthermore, if f 

satisfies the non-vacuum condition 

(1-5) ||/(t,x,.)||Li(RS) >0, 
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for all {t,x) gJTi, T2[xQj then we have 

fen+°°{]Ti, T2[xnxRl), 

for any I G N, and hence 

With this result in mind, a natural question is whether the Boltzmann equation has solutions 
satisfying the assumptions imposed above. Let us recall that solutions constructed in [HHl] do not 
work for our purpose because of the lack of the weighted regularity Hf . For Gevrey class solutions 
from [53], there is of course nothing to prove. 

Thus, our second main result is about the local existence and uniqueness of solution for the 
Cauchy problem of the non-cutoff Boltzmann equation. 

We consider the solution in the functional space with Maxwellian type exponential decay in the 
velocity variable. More precisely, for m G R, set 



= {.9 e P'(Kl„); 3po > s.t. eP^><^>\ e H'^iK,.)}, 



and for T > 



> 



(1.6) 



£"([0,T]xR6 J = {/eC"([0,r];I?'(R6 

s.t. eP^^'^V e C°{[0,T]; if"(R6 

Theorem 1.2. Assume that < s < 1/2 and 7 + 2s < 1. Let /o > and fo G Sq°{R^) for some 
4 < ItQ £ N. Then, there exists T.^, > such that the Cauchy problem 

ft + v-VJ^QUJ), 
f\t=o = fo, 

admits a non-negative and unique solution in the functional space £''° {[Q,T■^,] x R^). 

Furthermore, if we assume that the initial data fo is in £q{MP) and does not vanish on a compact 
set K CM-I, that is, 

\\fo{x, ■)\\mwi) > 0, y X e K, 

then we have the regularizing effect on the above solution, that is, there exist < Tq < and a 
neighborhood Vq of K in M.^ such that 

f eC°^{]0,fo[xVo;S{Rl)). 

Moreover, if "/ < 0, the non-negative solution of the Cauchy problem lll.6\) is unique in the 
functional space C°([0, T,]; ff™(R6)) for m > 3/2 + 2s, p > 3/2 + 4s. 

Remark 1.3. For the inverse power law potential r^^P^^\ the condition < s < 1/2, 7 + 2s < 1 
corresponds to 3 < p < 00 which includes both soft and hard potentials. 

At the moment, it is not clear whether we can relax the regularity assumption initially made on 
the solutions. Note that for example, the condition that / G L^nL°°(R^) is enough to give a mean- 
ingful sense to a weak formulation for the spatially inhomogeneous Boltzmann equation. However, 
the analysis used here can not be applied to this case, and so further study is needed. On the 
other hand, the above two theorems give an answer to a long lasting conjecture on the regularizing 
effect of the non-cutoff cross-sections for the spatially inhomogeneous Boltzmann equation. 

Finally in the introduction, let us review some related works on the regularizing effect and the 
existence of solutions for the Landau equation. The regularizing effect from the Landau collision 
operator has been rather well studied. See [SH [24l [13] for the spatially homogeneous case. For 
the spatially inhomogeneous problem, a regularizing result was obtained in [26], where the 
regularity is assumed on the solutions to start with. And similar result was also recently proved 
for the Vlasov-Maxwell-Landau and the Vlasov-Poisson-Landau systems, cf. [25] and the refer- 
ences therein. As for the existence of solutions, see [31] where unique weak solutions for spatially 
homogeneous case have been constructed with rather general initial data, and see [36| where the 



6 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



classical solutions for the spatially inhomogeneous case have been constructed in a periodic box 
with small initial data. 

The rest of the paper will be organized as follows. First of all, in the next section, we will 
use the pseudo-differential calculus to study the upper bounds on the collision operator. We shall 
give a precise coercivity estimate linked to the singularity in the cross-section, and estimate the 
commutators between some pseudo-differential operators and the nonlinear collision operators. In 
Section 3, the regularizing effect will be proved under the initial regularity assumption on the 
solution. The strategy of the proof is as follows. We first choose some suitable mollifiers such 
that the mollified solutions can work as test functions for the weak formulation of the problem. 
We then establish a small gain of the regularity in the velocity variable, by using the coercivity 
estimate coming from the singularity of the cross section. On account of the generalized uncertainty 
principle, a small gain of the regularity in the space and time variables can be derived. The H^°° 
regularity will follow from an induction argument. Finally, in Section 4, local solutions to the non- 
cutoff Boltzmann equation which meet the initialization condition of Theorem 1 1.11 are constructed, 
using a family of cutoff Boltzmann equations with time local uniform bounds independent of cutoff 
parameter in some weighted Sobolev space. In particular, the uniform bounds are established with 
the help of time dependent Maxwellian type weight functions which were introduced in |53U54| . The 
convergence of the approximate solutions follows from compactness argument, while the uniqueness 
of the solutions can also be proved by using our sharp upper bounds on the collision operator. 

2. Pseudo-differential calculus 

Under the non-cutoff cross section assumption, the Boltzmann collision operator is a (nonlinear) 
singular integral operator with respect to w e R^. In the linearized case, it behaves like a pseudo- 
differential operator. 

In this section, we study the pseudo-differential calculus on the Boltzmann operator. It is one 
of the key analytic tools for proving the regularizing effect of the non-cutoff Boltzmann equation. 
Even though the regularity proved in this paper is local in space and time variables, note that the 
collision operator is non-local in the space of v variable. Moreover, since the kinetic factor in the 
cross-section is of the form (w)^ which might be unbounded, we need to consider the multiplication 
by the weight function Wi{v) of the pseudo-differential operators. Hence, they are not the standard 
pseudo-differential operators of order on the usual Sobolev space. In other words, we shall 
consider pseudo-differential operators with unbounded coefficients on the weighted Sobolev space 
Hp{Rl). The variables {t, x) are considered as parameters for the collision operators in this section. 

2.1. Upper bound estimates. We shall need some functional estimates on the Boltzmann col- 
lision operator in the existence and regularization proofs below. The first one is about the bound- 
edness of the collision operator in some weighted Sobolev spaces, see also [3 [3 [39] . 

Theorem 2.1. Let < s < 1 and 7 G M. Then for any to, a G M, there exists C > such that 

(2.1.1) \\Q{f,9)\\H^iMl)<C\\.fh^ (R3)||g||^^+.. 

for all f e 9 G Hl^Xl%,jA«-l) ■ 

Remark 2.2. . 

(1) The collision operator Q{f, g) behaves differently with respect to f and g: I12.1.1\) shows that, 
in some sense, it is linear with respect to the second factor in the velocity variable v because the 
action of differentiation of Q{f, g) with respect to v goes only on g when considered in the Sobloev 
space. This is clear for the Landau operator which is the grazing limit of the Boltzmann operator. 

(2) The estimate i2.1.1\) is in some sense optimal with respect to the order of differentiation (exact 
order of 2s ) and also with respect to the order of the weight in v coming from the cross-section. 
In [39], the cases of both the modified hard potential and Maxwellian molecule type cross-sections 
corresponding to < 7 < 1 are discussed. Let us also mention that a similar estimate was given 
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in [8], but it is not optimal in terms of weight and differentiation. However, its proof is more 
straightforward as it only uses the Fourier transformation of collision operator (Bobylev's type 
formula [16] and see also the Appendix of f6\). For our purpose, the full precise estimate h2.1.1\) 
will be needed. 

Proof of Theorem [Hi] : 

Firstly, we consider the case when a — Q. To prove (|2.1.1[) in this case, it suffices to show that 
for any to G R 



(2.1.2) 



5), 



<C\\f\\L. (R3)||5||^™ + 2. ( 



H- 



The proof needs some harmonic analysis tools based on the dyadic decomposition. It is similar to 
the proof in [39], where the hard potential case 7 > was studied. Interested readers may refer to 
the papers (5] [6] [39] for more details, though we will keep the paper self-contained. 
Recall that 

Q{f,q),h\ ^11 b{coae)f{v.,)^{\v-v.,\)g{v){h{v')-h{v)}dadv,dv, 

where $(|w - v*|) = $(|w' - <|) = W - . Set 

F{v,v^) = $(|u- w*|)g(w), 

and write 



Q{f,g),h) / b{cos6)f{v^)F{v,v^){h{v')-h{v)}dadv^dv 

(2 12,) ' ^ ^'^^K) Jrb Js2 

= / fM{Ui-U2)dv,. 
Then we have (formally) by inverse Fourier formula, 

where (also formally) 



b{cosO)F{v,v^)h{v')dadv — / / H{^_,r|,v.^,)F{^,v.^,)h{r|)d(dr|, 

R3 JjjS Jr3 



b{k ■ a)e™-«-™'"'dCTdw 



R3 J §2 



§2 



b{k-a)e-'^^''-''d<j 



dv 



b{fi-a)e~'^^\''\''-''da\dv, (v = tj/] 



R3 



§2 



6(77 • a)e' 



-i\v\- 



— ■"da 



dv 



bijj ■ a)e 



da 



b{fi ■ a)e-''''-''~ da S{^-7j+), 



with 



so that 



§2 



fo(?7 • a)e 



da 



F{ri^ ,v^)h{r])dr]. 
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On the other hand, 



S2 



6(cos 9)F{v, )h{v)dadv 



b{cos9)d<7 / F{r],v^)h{ri)dri 
= / / b{fi ■ cr)da F{r],v^)h{ri)dri, 

JK3 L^/gg J 



because (formally) we have 



/ b{cos9)da = / • a)da = const. 
Therefore, we have obtained the following generalized Bobylev formula 



(2.1.4) 



{Qif, 9) 

I f{v,)\ j [ bifi-a){e-'''^-^~F{r)+,v.)-F{r,,vAW)dvd<T 
/ fiv.)\ [ f b{fj-a){e^^'-^^F{r,+ ,v.)-e^"-^F{r,,vA 

'^h{r])dr]da^ dv». 



dv^ 



X e' 



Notice that the above derivation is only formal for non-cutoff cross-section because we can not 
split the gain and loss term in this case. However, the derivation can be easily justified as a limit 
process of cutoff cross-sections when combining the gain term and loss term together. 
We now introduce a dyadic decomposition in as follows: 

oo 

^ 0fe(w) = 1 , (l)k{v) = 4>{2-''v) for fc > 1 with < 0o, e C^(K^), 



fc=0 



and 



supp (f)a C {|w| < 2}, supp C {1 < < 3}. 

Take also and cj) € Cq' such that 

^0 = 1 on {\v\ < 2}, supp ^0 C {\v\ < 3}, 

^ = 1 on {1/2 < \v\ < 3}, supp ^ C {1/3 < \v\ < 4}. 

Furthermore, we assume that all these functions are radial. Prom \v' — w,| < |w — w*| < \/2|t;' — vj\, 
it follows that 

4>k{v' - v»)(j)k{v - Vt.) = 4>k{v - v^) = 4>k{v - v^)4>k{v - v»), k>0, 
and thus we get 

{Q{f,9),h) / b{cos9)f{v^)Fk{v,v^){hk{v',v^) - hk{v,v^)}dadv^dv, 

where 

(2.1.5) Fk{v,v») = (j)k{v - v^)^{\v - v^\)g{v), hk{v,v^) = (j)k{v - v^)h{v). 
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Similarly to (|2.1.4p . we also obtain 



5), 



§2 



X e^'"*'^hk{ri,v^)drida 



dvt, 



« oo 

•^R^ fc=o 



In the following, we will estimate J^kLo regarding as a parameter. 

By setting 

f^fc = {(7 e §2 ; 77 • (7 > 1 - 2i-2fe(,^)-2} ^ 

and 



we split K'^(v^,) into 



5(77 • cr)|Ffc(77+,w*) - Fk{ri,v^)^hk{ri,v^)drida 



h{fj ■ (T)|i?fe(77+,-!;*) - Fk{ri,v^)^hk{ri,v^)drida 

k 

Kl{v,)+K^{v,). 



Js^nn;; 



Note that 
(2.1.6) 



/ b{cose)da = 2tt j 



sin 6* b{cos9)e^de 

sin(e/2)<2-'=(r;)-i} 

< C(r/)2^-22'=(2.-2)^ ifO<S<l, 



(2.1.7) /" b{cose)da ^ 2n [ 



/2]:sin(e/2)>2-'=(j7)-i} 



< C(?7)"'*2"''■^ for any s > 0. 



sin 61 b{cos0)de 



It follows from (|2.1.7p that 



(2.1.8) \K^M\< / 6(7y.a) i?fc(77+,i;,)-Ffc(77,7;,) /ife(77,i;0 



drjda 



< 



^ 6(77- a)(77)2'"+2-(|i?,(,y+,t;,)|' + | (,y, x;, ) | dTyda 



1/2 



1/2 



■)2fcs II / r> \m+2s 



6(77 -a) (7?)-^™-^^ /7fe(77,7;,) 



drjda 



<C2'^' {D,r+''Fk{v,vML, \\{D,)-"'hkiv,v, 



Here, we have used the change of variables 77 ^ 77+ , which is regular because the Jacobian can be 
computed, with 77 = 77/ [77 1, as 



9(77+) 



9(77) 



1^1 
-/+-a®77 



1.. 1 26* 

-(1 + fj • 77) = - cos -. 

8^ 4 2 



It should be noted that after this change of variable, 6 plays no longer the role of the polar angle 
because the "pole" rj now moves with a and hence the measure da is no longer given by sin 9d9d(j). 
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However, the situation is rather good because if we take fj^ = ?7^/|?7^| as a new pole which is 
independent of a, then the new polar angle ip defined by cos ijj ^ i)'^ ■ a satisfies 

e TT 

■0 = -, da = siTLil;d%l:d(j), ip e [0, — ], 

and thus 9 works almost as the polar angle. Therefore, since (77) < 2(r;+) < 2(77) we have 



s^nnt 



di]^ 



with 



b{fl ■ cr) ( 77(77+, cr)) 



+ „\\2m+2s 



da 



< C 



+ \2m+2s 



( 77 ( 77+,a)>2™+2^0-2-2.^^ 
7r/4 



7/."^-^" sin?/;d7/; < 2^'^" (7;+) 



<C(77 

which implies (|2.1.8p . Notice that for p = 0, 1, 2, 

^ o - 



2ks /^+\2m+4s 



(2.1.9) 



■0fc(w - u*) 



Then, recalling (|2.1.5p and using (|2.1.9p with p = we have 



{2^^-^i^fc(7;,7;,)} 



X (||0fe(7;-7;,)(i?,)-™/7||i.+2-''^||(i?„)-™/,,||2,) 



2, +2-'=||(i?„)'"+2^g||2, 

(7 + 2s)+ (t + 23) + 

1/2 



1/2 



:=Crfc(7;*), 

where rfc(7;*) stands for the quantity defined by this right hand side up to a constant multiple. 
On the other hand, in order to estimate Ki{vif)^ write 



^Fk[ri'^ ,v^) - Fk{il,v^)Yhk{'n,v^) = |Ffe(77+,7;*) - Fk{ri,v*)^^hu{'q,v*) - hu[ri+,v^)^ 



-77- • [yFk'j{r]+,v^)hk{r]+,v^) 

iyh) (r/+ + r(77 - 77+), t;,) - h) (7/+, i;*))dr} • (7/ - T^+)hk{ri+ ,v,). 
Correspondingly, we decompose K^{v^,) into 

For the variable transformation 77 — > 77+ — hi'H ^ \'n\<^)i we denote its inverse transformation 
77+ — > 77 by tpairi^)- Then 



V|W,„(77+)| 



X 77^(0- 

0, with 77^(0-) = 7/;cr(77+) - 7; 



d{ri+) 

X 77^(0-) • [V FkM-q^ ,v^)hk{'n^ ,v^)d-q^ da 
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because (Ti, cr2 G S'^ n Q,k are symmetric with respect to each other in the sense that, cf Figure ??, 



Write k'1''^{v^) into 



7" 

Jo 



(I I 5(r)-a)|(vF,)(77+ + r(77-,/+),^;,).(r;-ry+)| 

^ ./b3 ./S!2n0. I. \ / J 

I ^V/ife^ (77+ + s{i] — r/+), u*) • [rj — ri+)^drjd<7^ 



X 



drds. 



Since I?? — — \ri \^ — \-q\^ sin^(6'/2) and the change of variable 77+ + T{'q — 77+) — > 77 is also 
regular (see Page 2044 of H]), (|2.1.6p implies 



<c 



ff 

10 Jo 



X 



02 . a)(77)2| (vA) (77+ + t(77 - 77+), V.,) 



I drds 



1 /.I 



( 



02 &(77.a)(77)2+2-+2" 

2 6(ry.(7)(77>2-2--2m 



(vA)(77++t(7/-77+),i;,) d77dcr) 
^V/i"fe^ (7/+ + 5(7/ — r/+), u*) drjdaj 



1/2 



1/2 



drds 



;C2'=(2-2) II ^^^2s+™ 1^^^^^ ||^^^^3^ II (^^f^^^j 11^^^^^, 

Hence, we have obtained, by using (|2.1.9p with p — 1 



X \\2~''{v-v,)hk{v,v,)\\H-'^^ 



L2 



< 



C(«.)(^+2^)^(||<^fc(«-^;.)(A,>"+'^9ll^ +2-^-|l(i?.)'"+2^g|!2. 



(T + 2a) + 



(7 + 2a) + 



1/2 



1/2 



which has the same bound Tk{v^,) as in the previous case, up to a constant factor. Finally, we 
consider 



Jo ^JR^Js^nUk 



b{f] ■ (T)|(^V2i?fc^(77+ + Ts(77 - 77+), 7;*)r(77 - 7/+)2| 



|/ifc(77+, 7;*)|(i77(i(T^ 



drds. 



Then, by using (|2.1.9p with p = 2, we have 



<CTkM. 



/ ]-) \m+2s 



\hkiv,v*)\\H- 
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Therefore, it follows from Schwarz's inequality that 



9), 



L2(R3) 



<C\\f\\L} X 



(7 + 2s) + 



k—0 



1/2 



(^Y.{\\Mv-v.){D^.)-^h\\l.+2-''\\{D,r^^h\\l.} 



k=0 



1/2 



(T + 2a)+ -"(^ + 23) + 



which yields (I2.1.2p . Now the proof of Theorem 12. II is complete for the case a = 0. 
To prove (|2.1.ip for the case a 7^ 0, it suffices to show that 



(2.1.10) 



{Qif, 9), (v) 



<C\\f\\, 



:, + + (7 + 2 = )+^ 



(c + 7 + 2»)+^ ^' 



The argument is similar to the one for a = 0, up to the estimation on hk{v,v^) in (j2.1.5p which 
must be replaced by 



We can write 

(2.1.11) 

(2.1.12) 



{vrhk{v,v,) =i{v^,r + 2'''^)Mv,v,)hk{v,v,), 

min{(7+2s)~'~ , — a} 



{v)°'hkiv,v*) 



2k 



tpk{v,v^)hk{v,v.^.), 



if a > 0, 
if a < 0. 



with a suitable V'fe('y, v*) belonging to C^(M^), uniformly with respect to k, w*. For p = 0, 1, 2, we 
have 



(2.1.13) 



(w,)("+7+2s)+ 

_ \a+7+2s , ^ , 



which is similar to (|2.1.9p . We first consider the case a > 0. It follows from (|2.1.7p that 



|^2'K)I <((^'*)"+2'=") / / b{f,-n) Fklji'^,v,)~Fk{ii,v,) '^khk{v.v.) 

/S2nO' 



drjda 



1/2 



<((z;.)"+2'=") / / b{fj-a){v) 



2m+2s 



Fk{v^,v^) + Fk{r],v,) 
\ 1/2 



drjda 



6(77 -a) (77) -^"-^^ ^khkiv,v.) 



drjda 



<C2'^'{{v,r + 2^^)\\{D,r+^'Fu{v,v,)}\\^,\\{D,)-"'hk{v,v,] 
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Then, recalling (|2.1.5p . and using (|2.1.9p and (|2.1.13p with p = 0, we have 



{2'''Fk{v,v,)} 



L2 



< 



L2 



(q + 7 + 2s) + 



+ 2-^-||(i?„)™+2^5||i. 



1/2 



(q + T + 2s)+ / 



1/2 



:-cr^K), 

where T'^{v^) stands for the quantity defined by this right hand side up to a constant multiple. 
Performing the same computation as above for iff {v^, ) , it follows from (|2.1.6p that 

\K'^'\v.)\ + \K'^''M\<CrUv.), 

so that (|2.1.10p holds in this case. 

The estimation on the case a < is also similar by using (|2.1.12p if one considers the cases 
7 + 2s < 0, < 7 + 2s < —a and 7 + 2s > —a separately. Details are omitted. And this completes 
the proof of Theorem 2.1. 

In the following, we need also estimates on the commutator between the collision operator Q 
and the weight Wi . For this purpose, estimations on |W/ — Wl\ are needed. 

Lemma 2.3. Let I e N. There exists C > depending only on I such that 



(2.1.14) 

and 

(2.1.15) 



\Wi - W!\ < Csin (^0 (W{ + Wi,) < Csin (J^ WlW^,, 
\Wi -Wl\< Csin (^0 (w! + WUWl, + sin'-i (^0 Wi , 



Proof : It follows from — — \v' — v',\ and |up + 



,/|2 I I,/ 12 



u^l that, for any A > 



On the other hand 



\vV < \v'\' + K\', Wx < 2^(1^;; + i^j; J. 



\v — w'P = sin^ I - \ \v — V, 



where < < 7r/2. Taylor formula yields 

\Wi - Wl\ < C\v - v'\(Wi^i + Wl_i) 



< Csini^-j \v-v,\ (Wi^, + Wi_,,, + Wi_, 

< Csinf^-) \v' ^v:\{wl^,+Wi_,^ 



< C sin ( - ) ( + Wi ,]{Wi_,+ Wi_,, , 



< Csin - {Wi + Wi J < Csin - WiWi , , 
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which gives (|2.1.14p . For (|2.1.15p . we have 



|VK/-W^/| < 



C\v-v'\(Wi^i+W[_,~) 



< Csm[^] \v-v,\\ W;_i + (l + \v-v' + 



(till 



I) \v'-v:\{wi, + \v-v't') 



< Csin 



< Csin {"^][W! + WUWi, + sin'-i (1 ) 



And this completes the proof of the lemma. 

Lemma 2.4. Let I eN, m € K. 

(1) If < s < 1/2, there exists C > such that 



(2.1.16) 



{{Wi Qif, g)-Q{f, Wi g)), 



< C'II/IIli^^_^(rj)II5|Il2^^_^(r3)II^IIl2(k3)- 



Moreover, if I > 3 ( actually, we need only / > | + 2s then 



(2.1.17) 



{{WiQ{f, g)-Q{f, Wig)), /x)^^^^^^ < qi/llL^^^^(MS))ll5llL^^^^(K3)||/i|U.(K3). 



(2) // 1/2 < s < 1, then for any e > 0, there is a constant > such that 
(2.1.18) 

and 

(2.1.19) 



((VFi 0(/, 5)-Q(/, 5)), 

<Ce\\f\\Ll^^ ,^ +(R?)ll5llif2 = -i+e (jj,3)||/l||L2(R3) 



{{Wi Qif, g)^Q{f, Wi g)), h 



<a||/||Li 



L2 



2s-l + e/„3 



(3) When s = 1/2, we have the same estimates as (2) with 2s — 1 replaced by any small k > 0. 

With Lemma 2.2, we immediately have the foUowing improved upper bound estimate with 
respect to the weight. 

Corollary 2.5. 

(1) When < s < 1/2, we have 

\\Qif,9)\\Hrimi)<C\\f\\ 

provided that m < and < m + 2s. 

(2) When 1/2 < s < 1, we have 

(2.1.20) ||g(/,ff)|k,'"(M3) <C||/|| 



>c{l + -l+, (7 + 2s)+} 



H 



l + (2a + T) + 



(R?)' 



K{i + 2s-l + ^+, (2a + 7)+} 



H 



l + max{2s-l + T+, (2s + ^)+} 



(R3)' 



provided that — 1 < m < 0. 

(3) When s — 1/2, we have the same form of estimate as p.l.20|) with 2s — 1 replaced by any 
small K > 0. 



In fact, this coroUary is a direct consequence of Theorem 12. II and Lemma \2A 
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Proof of Lemma 12.41 : 

Proof of (1): the case < s < 1/2. By using - <|) < (u')''^ «)'^^ , we have 



{{Wi Q{f, g)^Q{f, Wi g)), h) 
b $ fig'iWi -W)h dvdv^da 
< C 1 1 1 b\e\ \{Wi+^+f):\ \{Wi+^+gy\ \h\ dvdv.da 
cm b\e\\{Wi+^^f),\ |(T^,+^+<?)| \h'\dvdv,d<j 



< M^l \{Wi+^+f)A \{Wi+^+g)\^dvdv,da 

xj^yyy \{Wi+^+ f),\\h'\'' dvdv,da"^'^ 
CJi X J2. 



1/2 



Clearly, one has 

Jl<C\\f\\L^ Ml. f bicos9)\9\da<C\\fh^ \\g\\l. 

1+1+ Jg2 1+7+ 1+7 + 

Next, by the regular change of variables v ^ v' , cf. [51[T2], we have 

J2 = JJ Doiv,,v')\{Wi+^+f ),\\h'\''dv,dv', 

where 

9{v*,v', a) 



Do{v,v') = 2 



and 



Thus, 



2^/)^ / -6(cos6'(u*,w',CT))(iCT < C / ijj-^-^'sm^) d^), 



008-0 = -j— ; f • cr, — 0/2, da — sin ip dip d<j)- 



\v' — I 



Jl<C\\f\\Ly Jh\\h, 



and this, together with the estimate on Ji, gives (|2.1.16p . 

We now prove (|2.1.17p by using (|2.1.15p instead of (|2.1.14p . We have 

{{WiQif, g)-Q{f, Wig)), h) ^^^^^^^ 

- ^{III '^^'+^+^^*' \^^^+9)'\ \h\ dvdv.da 
+ fff b\9\ \{W,+^+f):\ \{Wi.i+^^gy\ \h\ dvdv,da 



b\0\ m^jyj l(M^/+7+5)'l \h\ dvdv^da 
= Mi+M2 + Mz. 
A^2, A^3 can be estimated similarly to (|2.1.16p . and we have 

M2<C\\f\\L^ llfflL. \\h\\L2, 

1+7+ (_l+^+ 

■^3<q|/||LVll5llL= M\l^. 



16 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



Ml can be estimated as follows. Firstly, we have 

Ml=C^{ III b\e\'\{Wi+,J)A\{W^^g)\ \h'\dvdv,do 
<C^ 1 1 1 b\e\'-^(W^^g)\\{Wi+^JU^dvdv.da 



b\d\'+i\{W^^g)\\h'fdvdv,da 



=Mi.i X Mi,2- 
Then, if Z - | - 2s - 1 > -1, that is, / > 2s + |, we have 



M,^i<C\\9hi\\f\\' 



On the other hand, for A4i_2 we need to apply the singular change of variables z;* v' . The 
Jacobian of this transform is, with k — (u — — 

9w* 



(2.1.21) 



dv' 



I - k®a 



\l-k-a\ 



sin2(e'/2) 



< 166*^^ 6 e [0,7r/2] 



Notice that this gives rise to an additional singularity in the angle 6 around 0. Actually, the 
situation is even worse in the following sense. Recall that 9 is no longer legitimate polar angle. In 
this case, the best choice of the pole is k" = {v' — v)/\v' — v\ for which polar angle ■(/i defined by 
COS?/' = k" ■ a satisfies (cf. [6l Fig. 1]) 



da — sin ij;d'il;d(j), ip G 



4' 2' 



This measure does not cancel any of the singularity of b{cos9), unlike the case in the usual polar 
coordinates. Nevertheless, this singular change of variables yields 

Mi,2 = C jjj b\6\^+'i\{W^^g)\ \h'f dvdv^da 
<C [ [ D,{v,v')\(W^.g)\ \h'\^dvdv', 



when / > I + 2s because 



Di{v,v') 



§2 



Tr/2 



Therefore, 



2-^b{cose)da <C I (--Tp) 

7r/4 2 



Mi,2<C\\gh^Jh\\] 



^-^d^jj < C. 



Now the proof of (|2.1.17p is completed by the embedding estimate for ^ > | , 

llfflLv <c||5|Il2 

Proof of (2): the case 1/2 < s < 1. Since we look for an upper bound estimate and £ > 0, it 
is sufficient to assume s > 1/2 for our purpose. Write 



{{Wi Q(/, g)~Q{f, Wi 5)), 



B flg'{Wl - Wi)hdvdv^da 
B f*g'{Wi - W!) h' dvdv^da 
B f*{g- g'){Wi - W/) h' dvdv^da ^ h + h. 



B f*g{Wi - W'l) h' dvdv^da 
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Taylor expansion gives 

Wi - W[ = \7Wi{v'){v -v')- I (1 - t)V^Wi{v' + t{v ~ v'))dT{v - v')'^ , 



so that 

/i = -^ JJJ B f^W^Wiiv' + t{v - v'))}{v - vfg h' dvdv^dadr . 

By using the symmetry property shown in Figure ?? ( see also Figure ?? below, and §3 in |39j). 
the first order term in the Taylor expansion vanishes, that is, 

B f*g'VWi{v'){v - v') h'dvdv^da 

• VW^i(?;')5'^'f^w''^w, = 0. 

Here, we have used the notation that for a transformation v v' , its inverse transformation is 
denoted by v' — s- ^Ja{v') = v. And a'i,(T2 are symmetric with respect to each other, in the sense 
that Vo-i iv')-v' = -{'4>„,{v')-v'). 
Furthermore, since 

\{V^Wiiv' + t{v - v'))}{v - v'f\ < C9^\v, - v'f{Wi^2{v,) + Wi-i[v' + t[v - v') - w*)} 

< CQ'iWiiv,) + Wi{v')} < Ce^WiMWiiv') 

and <i>(|w — w*!) < {V^{v' — w*))'*'^ < (v^)'^^ {v')^^ , we get by the regular change of variables 
w — > u' and the Schwartz inequality 

(2.1.22) < C||/||il^^^(R3)||ff||i2^^^(R3)||/l|U2(R3). 

In order to estimate I2, we shall apply the Littlewood-Paley decomposition {Aj}°^Q, which is 
a dyadic decomposition in the Fourier variable (see also [T7[ [Ml [5]). 

00 

A,g(t;) -^-i(</), (77)3(77)), 5 = ^A,g, 



and for 7Ti G R, 

llA.gll^.. «2^™||A,,g|U., ||.9||^,„ « ^ 2^-' "|1 A,.9||i.. 
Then we have the following decomposition 

^2 = £ / ( / {/ Bf^\/^{Ajg){v' + T{v-v')){v~v'){Wi-Wl)h'da^dvdv^^dT 

+ E / { / S/*{(A,.9)(t')-(A,g)(t;')}(W^;-W^/)/^'rf<T}d'^c?^^* 

00 



J=0 



where 



Note that if 1/2 < s < 1, then 

(2.1.23) / b{cose)9^da = 2tt sm 9 h{cos 6)9^ dO 

J^lj J{eG[0,7r/2];sin(e/2)<2-J('U-t).)-i} 

< C2^"(2«-2)(^;_^^)2s-2^ 
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and 

(2.1.24) 



b{cose)0da = 27r 

'{ee[0,Tr/2]:sin(e/2)>2-3(i>-D.)-i} 



sin 61 b{cose)0de 



To estimate I2 j , we need the change of variables 
(2.1.25) 

The Jacobian of this transform is bounded from below uniformly in w^, cr, r, because 



1 + r 1 — r 

V ^ Z — v' + t{v — v') — V H {\v — V■^,\(T + V^). 



d{z) 




d{v) 





/I + r 1 - r 
det \ 2 ^ ^ 



(1 



23 



2 

l+T 



-fc • cr 



> 



(l + r)3 


2r 


23 


l-fr + 



(1 


+ t)3 


2r 




23 


l + r + 


(1 


+ r)3 
23 


1 

^2^- 



1 - r ,61 

2 cos" - 

f r 2 



Recall, cf. , that the cross-section B{v — v^,6) is assumed to be supported in < 6* < 7r/4. 
Furthermore, we have 



(2.1.26) 



\z-v^\ 



1 + r 1 ^ I I 

(w - V*) + h - v*W 

, /l + r\2 /l-r\2 1-t2 



2 

1/2 1 



-fc • cr 



1/2 



= |t; - w*| + (1 - r^)cos^ - >-^|i;-i;*|, 
which implies {v - v^)'^''^{\v - v^\) < (7(2)2"+^+ (w,)2«+7+ . Since 

we have from (|2.1.23p that for any e > 



14.1 <C 
< C 



b9^\iWi.i+2s+^+f)*\ \{Wi.i+2s+j+iyvAjg))iz)\{v - v,)^~^'\h'\dadvdv,dT 



-l+2s+7+/)*| 



1+2S+7- 



.(V.A,5))(z)|^ 



X{V — V, 



\2-2s 



|c?cr ) dvdv^, ) dr 



1/2 



\{Wl-l+2s+^J)*\ {V - V,)^~^'\h'\^d<j)dvdv, ' 

< C2-^^ 1 1 / 1 j _ ^^^^ (R3 ) 1 1 g 1 1 (BJ ) 1 1 ^ I (RJ ) ' 

where we used the regular change of variables v ~* z defined by (|2.1.25[) and the regular change of 
variables v ^ v' . The estimate (|2. 1.241) yields the same bound for /|^ . Therefore, we obtain 

(2-1-27) I/2I < C^II/IIl,V..-i«)II5II<-+^(e3jI|/i||l^(e3j. 

Estimates p.l.22p and (|2.1.27p together give the desired estimate (|2.1.18p . 

For the convenience of the readers, we postpone the proof of (|2.1.19p to the end of section [2731 
And this completes the proof of Lemma 2.2 because (3) comes from (2) for the case s = 1/2 + k. 
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2.2. Coercivity estimates. We establish coercivity estimates of the Bohzmann cohision opera- 
tor. We wiU show that the angular singularity in the cross-section yields the sub-elliptic estimates 
which are lower bounds of the collision operator, see [6]. Notice that we need precise weighted sub- 
elliptic estimates as given in the following theorem. For more detailed explanations and notations, 
interested readers can refer to O [39| . 

Theorem 2.6. Assume that 7 G M, < s < 1. Let g> 0,^0, ge i^ax{7+ 2-7+} H log ^(^^5)- 
Then there exists a constant Cg > depending only on B{v~v^,, 9), \\g\\L^ and \\g\\L log l, 

max{7+,2-7+} 

and C > depending on B{v — v^,, 0) such that for any smooth function f G iJ^^gC^?) '^^7+/2(-'^?)' 
we have 

(2.2.1) - (g(5, /), /)^,^^3^ > Cg\\W,„fr^.,^., - ^^llffllLi^^^,^, ^_^,^(M3)ll/lli.^^^(M3) . 

Remark 2.7. ^From the proof of the theorem, the constant Cg is seen to be an increasing function 
0/ ||.9||l1j 11.911^1 '^'^'^ ll.9llLiogL where g — {v)~^^^g. If the function g depends continuously on a 
parameter T G S, then the constant Cg depends on infTgE || (w)^l'''l(7^||ii , sup^^^ Hg^jji log l o,nd 
sup_p^ llffllLi . -^'^ ih'^ later application, we take r — (t,x). 

Proof. Firstly, we have 

/ mv-v,\)b{cose)g{v,)f{v){f{v')- f{v)}dadv,dv 
= 11 I - v,\)b{cose)g{v,){f{v'f - f{vf}dadv.,dv 
-\l I 'i{\v - v,\)b(co^d)g{v,){f{y') - f{v)fdadv^dv 

= 7^l - 7^2. 



For 7?.i, according to the cancellation lemma. Corollary 2 of [S], we have 



^1 = ^ / / ^d^' - v^\)b{cosB)g{v:){f{v'f - f[vf}dadv^dv 
2 ./lue ./g2 



2 Jr8 Js2 \^ cos I y cos'^ I J 

\ \ \ ^^^) |^^-lU(cos%(«.)/(z;)2di;dadz;. 
2 Jr6 Js2 \^ cos I j y cos-^ § J 

1 /" /" ^ I 1^ ~ "^^l J _ ^(1^ -v,\)\ b{cos9)g{v,)f{vfdvdadv. 



2 

TZii + 1^12 



For the first term TZu, from 1 — cos'^ | < 3(1 — cos f ) = 6 sin^ |, it follows that 



7^ll<c||5Ll ll/r 



T+/2 
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because $ < 1 when 7 < 0. For the second term TZi2, we first note that the mean value theorem 
gives 



<C(- 



lM\v-v,\), 



where < cos | < a < 1. Similar to TZn, we can obtain 



7^l2 <qi<?||Lvll/li^ 



+ /2 



For the term TZ2, we first note that 

'Pilv-v.D = il + \v-v,\^)i > 
Then, by using the fact that (a — b)^ > — b^, we have 

7^2 - i / / - v,\)bicos6)g{v,){fiv') - f{v)ydadv,dv 

>C [ [ bicose)p^{vr{fiv')- fiv)ydadv,dv 

= C f I b{cose)j^{{v)if{v') - {v)if{v)Yd<ydv.dv 

= C/ / b{cose)f^{{v')if{v')-(vy^f{v) 

+ {v)^.f(v') - {v')i f{v')Ydadv^dv 
>C\ f f b{cos0)f^{{v')if{v')^{v)if{v)rdadv,dv 

-C2/ / b{co8e)f^{{v)if{v')-{v')if{v')rdadv^dv 

= "^21 ^ "^22- 



For the first term 7?.2i, by using Corollary 3 and Proposition 2 of [S], we have 



(2.2.2) 



7^2l = Ci / / 6(cos(?)f%l{(«')^/(t'') - {v)^fiv)ydadv.dv 
>C',||M^^/2/||l^.-q|.9||Li 11/11^2^ , 



where g = (v) l^lg. Here Cg is an increasing function of H^Uli, ||.9l|^i^ and ||.9||iiogi,j according to 
the proof in the last part of [6] (see also Lemma 2.1 of [48 J. 
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For the second term 7?.22, note that for some t G (0, 1), we have 



T-2 



'hi ~ I \ hi ' ' 



|2-tI It 

^ , \, ^ ^^ K-z;.|tan(g/2) 

(w' + t(u — v') — V^) 2 



< V*)* tan(0/2) 

< {v*y-^{v')itan{9/2), if 7 > 0, 
^ tan(6'/2), otherwise. 



Hence, we get 



1122=02! [ b{cosd)gMl^ ^1 J{v'fdadv,dv 

JReJs^ {v*)~ J 

<C2 [ I 6(cos6')tan2(0/2)(w,)|2-T+lc,(w,){(i;')^/(i;')}2d(7dw,di, 

JW' Js2 

<c^2ii5lL^ Jl/lli2 . 

12-T+l T + /2 

This completes the proof of Theorem 12.61 



In the following analysis, we shall also need the following interpolation inequality between 
weighted Sobolev spaces in u, see for instance [5^ [55] . 

Lemma 2.8. For any k eR,p e R+,5 > 0, 

(2.2.3) II/IIh^(k3) - ^<sll/ll_H-^-''(R3)ll/ll//f^+*(R3)- 



2.3. Commutator estimates. We are now going to study the commutators of a family of pseudo- 
differential operators with the Boltzmann collision operator. This is a key step in the regularity 
analysis of weak solutions because it requires the moUifiers defined by pseudo-differential operators. 
Below, we denote (• , •)l2(r3) by (• , •) for simplicity of notations, without any confusion. 

Proposition 2.9. Let A G R and M(^) be a positive symbol of pseudo- differential operator in Siq 
of the form o/A/(^) = Af(|^p). Assume that for any c > there exists a constant C > such that 
for any s, r > 

(2.3.1) c"^ < - < c implies C'^ < < C. 
Furthermore assume that M{(^) satisfies 

(2.3.2) |M^"^(OI = |a«"A/(C)| < C„A/(0(e)"'"', 

for any a G . Then the followings hold. 

(1) If < s < 1/2, for any N > there exists a Cn > such that 

(2.3.3) |(M(^,)Q(/, g) - Q(f, M{D,)g), /i)i2(R3)| 

< C'jv||/||Li^(R3))(||Af5||i2_^(R3) + \\g\\H>'-'^(W3))^\\HL^Ml)- 
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(2) // 1/2 < s < 1, for any N > and any e > there exists a Cn.s > such that 
(2.3.4) 



< 



|(Mp„)Q(/, g) - Qif, M{D.,)g), /i)i2(R3)| 

CnJI/Wl^ ^ (r?))(II^5|Ih2=-i+- ^(m3)) + II5I1h^7"(r3)))||^I1l2(k3) 



(3) If s = 1/2, we /lawe t/ie same estimate as \2.3.4^ with (2s + 7 — 1) replaced by (7 + k) /or 
any smaH k > 0. 

Proof : Firstly, set $*(u) = $(|i; — and write 

(M{D,)Q{f, 5), /i) - (q(/, Af(Z?.).g), /i) 

B(|w - v^\,a)f{v^)g{v)[{M h) {v') - (M h) (w)) dadw^d?; 



§2 



R6 Jg: 



(Iw - v^\,a)f{v^){M g) {v) {h{v') - h{v)J dadv^dv 



R6 J §2 



6(cos0)/(«,)[($,5)(t;)(M/i)(z;') - {M{^,g)}iv)hiv') 
b{cose)f{v^){M{<i>^g)}{v)(^h{v') -hiyj^dadv^dv 
6(cos 6')/(u* ) { (M 5) } (u) (^71(7) - hiv)^ dadv^ dv 



dadv^, dv 



§2 



b{cose)f{v,) i^,g){v){Mh){v') ~ {M{'i^g)\{v)h{v') 
6(cos d)f{v^ ) ( [M , 5) (u) (/i(w') - ft^) dadv^dv 



dadv^, dv 



= I + 11. 

The above computation is justified with cutoff approximation, see the remark given after (|2.1.4p 
and also [39j- The first term T can be rewritten by using Bobylev formula (see e.g. [6]) as 



I = 



Kt| • 0/(^^*)(m(0 - Mi^+)y{^,g){i+)e-^-'i'dadvMOdt 



R6 J §2 



where 



Notice that in the case of Maxwellian molecule type cross section with 7 = i.e. <I>(|u — f*|) = 1, 
11=0. 

Since M'd^p) = 2^ • VM(C)/|CP and |^+| < |^| < 2|C+|, it follows from (l2XT|l and (l2X2)l that 



(2.3.5) 
and 



|M(0-M(e+)|<a 



sm- 



lAwr) 



sm — 
2 



da < C < +00. 
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Thus, 



m<C I {v.y+\fM\ I I b{^-a),m^-M{e)\H'^*{v*)--'+g){e)\mmdadv, 

^Jr3 Jg-^ Jr3 \t,\ Z J 

x(f \{v.y^fM\[ I b{^-a)sin^'^-\W)?didadvX'^ 

^ ./b3 ./h2 ./iij3 C Z / 



< 



1^1 

C||/|Ui (sup||M(i^„)ci>.(«.)-^+.g(«)|U. )||;i|U2 



where we have used Plancherel's equality, the change of variables ^ f+ for which ~ 
uniformly with respect to ct, the estimate < («)'*'+• Then by using the expansion 

formula of the pseudo-differential calculus 

(2.3.6) [Afp,), 5= ^^*{c.)M^°'\D^.)9 + rNAv,D,-v,)g, 

l<|Q|<Afl 

with A^i > A, and the condition ()2.3.2p . we obtain 

(2.3.7) snv\\M{D,)<^M)-^^g{v)\\L^ <ci\\Mg\\L^ +\\g\\^.-.,). 
Hence, 

(2.3.8) \I\ < qi/llii^ {\\Mg\\^^ + ||5ll^-«i)l|/i||L^ • 
We now turn to the term TI. Firstly, set 

F{v,v,) = [M, ^Mv), 

and decompose 

11^ [ [ b{cos0)f{v^)\F{v',v^)h{v')- F{v,v^)h{v)]dcrdv^dv 
+ / / b{cos0)f{v^)(F{v,v^) - F{v',v^))h{v')dv^dvda 

= Jl + J2. 

According to the cancellation lemma 0, we obtain 

^ fe(cos6l){i^(w', i;*)/i(w') - F{v,v^)h{v)}dadv = (5 * {f( • , v*)/i}) (w*), 
where the convolution product is in u € R^, and in this case, 



tt/2 



1 



Lcos3(6'/2) 



- 1 



d9 



S ^2n smeb{cosl 
Jo 

is a constant function. Consequently, 

Ji = /" f{v,)(s*{F{-,v,)h}){v,)dv,^s[ f{v,)F{v,v,)h{v)dvdv, 

JR3 ^ ' JR6 

By (PXB]) and (PX7|) . we get 

(2.3.9) \Ji\<C [ \f{v,)\\\F{;v,)\\LA\h\\L-dv, 

JR3 

<C||/|Ui^(||Mg|U.^+||g||^.-«,)||/i|U.. 
To estimate the term J2, we need to consider the following two cases. 
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Case 1: 0<s<l/2. Since the mean value theorem yields 



by noticing that 
we have 

\J2\< 



F{v,v^)-F{v',v^)^{v~v')- / Wy{F{v' + T{v~v'),v^)dT, 

Jo 

\v' -v\ = \v -v^\sm{9/2) = |w' - | tan(6'/2), 
b{cosd)\v' - v\\fM\\h{v')\\{WyF)(v' + t{v - v'),v^)\dvdv^da^dT. 

\ 1/2 

b{cose)\e\{v^)''+\f{v,)\\h{v')\'^dvdv^da 



^JVfixS- 



X 

—C J21 X J22. 



b{cos9)\9\{v,y+\f{v,)\ 



7+ 



iy^F){v' + t{v~v'),v.) 



1/2 

dvdv^ da dr 



By the change of variables v v' for which dv ^ dv' uniformly in G M'^, cr G (see 0), we get 
(2.3.10) Jli<C\\f\\Li,Jh\\l.. 

To estimate J22, we apply the change of variables (|2.1.25p and use (|2.1.26p . Setting 



riv) 



we get 



t/99 c 



b{cos0)\0\{v,y+\fM\ r{z)iV,F){z,v,) 



dzdv^ da 



dr 



<C||/|Ui sup||V*(-)(V.F)(.,z;0||i.. 

On the other hand, it follows from the expansion formula of pseudo-differential operators that, 
with <&*(«) = (1 + Iw - w* |2)7/2 iia,ve for any A^i e N 

(V,F)(t;,t;,) = VJM, $,]g(i;) 

(2.3.11) = E ^{(V$*(a))M(")(i?,)5 + $,(,)M(")(i^„)V„g}+fjVi(i;,i?.;t'*)5 

1<|q|<Wi 

=FjVi (w, Dy;v^)g{v) + f^i {v, D^;v^)g{v), 

where is a pseudo-differential operator with symbol belonging to S^^^'^ uniformly with respect 
to G (cf. gT]). Since 

by (|2.3.2p . we have for a 7^ that, 

|M(")(e) ei < C„M(e)(0"'"'+' < C^aM(0. 

Hence 

(2.3.12) 31^ < CIl/IUi^ (lIMglli.^ + 



Now, it follows from dMH), (|2.3.10p . and (|2.3.12p that 
(2.3.13) <C||/|Ui_^(||Afg|U.^ 
holds when < s < 1/2. 
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Case 2: 1/2 < s < 1. We now decompose J2 as follows: 



J 2 = 



'xS- 



bicose)f{v^)h{v'){v - v') ■ {VyF){v' + t{v - v'),v^)dvdv^da^ 



dr 



b{cos0)f{v^)h(v'){v-v') ■ {W^F){v',v^)dvdv^da 



^JR6xS2 



b{cose)f{v^)h{v') 



{v - v') ■ {(yyF){v' + t{v ~ v'),v^,) ~ {V^F){v', v^)} dvdv^da'jdT 



•^2 + ^2 • 



The essential feature of this decomposition is that vanishes by symmetry as in the proof of 
Lemma [2.41 Indeed, we have 



i^paiv') - v')da \ ■ {\/^F){v',v^)dv'dv^ 



J" - / fMHv') 



g2 Wip^iv') - 



d{v') 



0, 



because of the symmetry in ai and 02 in the sense that ip^-^ {v') — v' ~ — (V-'o-2 W) ~ "^^Oj cf. Figure 
??. 

Now, by the change of variable v ^ z — v' + t{v — v') defined by (|2.1.25p . we consider 
J1(t) = ( bf{v,)h{v')iv-v')-{{V^F){z,v,)-{VyF){v',v,)}dvdv,da. 

By recalling the expansion formula (|2.3.1ip of {\7yF){v, w*), we first consider 
j](T,a) 

bfMh{v'){v - v') ■ {$,(„)M(")V,5(z) - $,(,)M(")V,g(f')}rfvdi;*da 



(2.3.14) 



bf{v,)h{v') - - v') ■ M^''^V,giz)dvdv,da 



bf(v,)h{v')^^i^a){v'){v - v') ■ {M^^^Wygiz) - M'^'^^Wyg{v')}dvdv,da 



= J2 ('T'") + J2i.T,a)- 

Notice that the case when |a| = 1 is the most difficult one, in the sense that M(")(D„) IS a 
pseudo-differential operator of order A with symbol bounded by CM(^) due to the assumption 
(|2.3.2p . By writing (1) instead of (a) when \a\ — 1, we have 



|{$,(i)(z) - k -v'\\< c{z - v,ye\ 



which gives 

(2.3.15) 4^°(r,(l)) 



< 



b0'^\{v,y+fM\\h{v')\^dadvdv, 



'XS2 



1/2 



b0^\{v.,r^fM\ 



'XS2 

<C|l/lli;J|A/s||i.J|(.||i.. 



2 \ 1/2 

dadvdv^ 
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In order to evaluate the term J2(r, (1)), we take the same Littlewood-Paley partition of unity 
{V'j(C)} the proof of Lemma 12.41 and write 

bf{v^)h{v')^^^i){v'){v - v') ■ {M(i)V„5(z) - M'-^^yyg{v')}dvdv*da 



OO 



/ bf{v,)hiv')^,^,)iv')iv^v')-ig,{z)-g,iv'))dvdv,da 



3=0 

where gj{v) — ^j{Dy)M^-^'>{Dy)Vyg{v). For each j we apply the following decomposition by using 
fij introduced in the proof of Lemma 12.41 to have 

6/(i;,)M"')**(i)K)(«-«') 



^JE" ^JUj 



K<5 \Jn'=. 

2j 



• (z — v')'Vgj{v' + s(z — v' ))daj dvdvSj ds 
bf{v^)h{v')<^^^i^{v'){v - v') ■ {gj{z) - gj{v'))da] dvdv^ 



By setting 
we have 

< c 



^JR<5 \Jnj 
1 



^JR6 ^Jsij 



V'r,s =v' + s{z - v'), 



6(C0S 0)^2 - W*)^-^^ (l,,)(2.+7-l)+ I 



X \h{v')\ 



c?(7 I dvdv^ I ds 



<C2-^^'( I ( b{cos9)9^2^^^-^'\v ~ v,f-^' {v,)'-^'+'<-^^+\f{v,)\\h{v')fdayvdv,') 

{{I (I 6(cOS0)022,(2-2.)^^_^^^2-2.^^^^(2.+7-l)+|^(^_^)| 



1/2 



By using the same change of variables as for J2^i in the previous case, it follows from (|2.1.23p that 
(2.3.16) JljM<C\\f\\^^ 



^1) + 



2 

L2- 



Similarly, by taking the change of variables v ^ v'^ ^ as in the previous case again, (|2.1.23p leads 

to 



(2.3.17) JlUrf<C\\f\\, 



'(2s + ^-l)^. 



{\\Mg\\l. 



2s-l+e 
(2a + T-l) + 



A-]Vi+2s-l + e: 
(2s + T-l)^ 
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where we have used 



||2.(2s-2-e)v^^.(„)||2 



< c 



(WMgWl 



2s-l + e 
(2s + T-l)_^ 



A-]Vi+2s-l + e 



Hence, it follows from (|2.3.16p and (|2.3.17p that, for A^i > A + 2s - 1 + e, we have 
(2.3.18) \jlj{T)\ < C2-^||/|Li^^^^_^^^ (||A/ 311^2,-^1+.^^^ + ||5||^ 



)■ 



'(2s + -,~l)^ 



On the other hand, for J^'jir), note that 
by the symmetry in f2^. We have 



I J^'.'Kr)! <C [ (I b{ 



(COSf )f (tl — W*;' "^(,1':, 



d(T I dvdv^ 



(w*)(2's+7-l) + 

6(cOS0)02^(l-2s)(^_„^)l-2s^^^^(2.+7-l)+|J(„_^)||^(„')|2^^\^^^^^ 



1/2 



( / ( / 6(cOS0)02-'"(l-2.)(^„„^)l-2.^„^^(2s+7-l)+|^(„^)| 

1/2 



(z) (2'*+7-i)+ 2J(2'*-i+^) (z) ' da ] dvdv, 
because of (|2.1.24p . This together with (|2.3.15p and (|2.3.18p yield 



A-JV 

(2s + -,-l)^ 



(2.3.19) 



\J2ir,im<C\\f\U 



'(2a + T-l) + 



{\\M9\\h^ 



2s-l+e 
(2s + -,-l)^ 



(23 + T-l)_|_ 



It is easy to see that all other terms coming from Fn-^{v, Dy;v^,)g{v) in (|2.3.1ip have the same 
upper bound estimates. Moreover, all the terms coming from fNi{v,Dy\Vi,)g{v) can be estimated 
by 

Therefore, we finally obtain 

|J2| = |Ji|<C||/|Ui_, {\\Mg\\^^ 



2s-l + e 
(23 + 7-1) + 



"(2s + T-l)^ 

In summary, when l/2<s<lwe obtain instead of p.3.13p that 



llsllff^-" 

■"(23 + 7-1) + 



(2.3.20) 



\TT\< C\\f\\^ (||M.g|U3-i+. +||5l|ff-« ) 

(23 + T-l)+ V -'-'(2s + -,-l) , -'-'(2S + 7-1) I / 



By combining (|2.3.8p . (|2.3.13p and (|2.3.20p . the proof of Proposition is completed. 



The rest of this section is devoted to the proof (I2.1.19P of Lemma 12.41 
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Proof of (|2.1.19p of Lemma [HHFor m = 2s - 1 + e > 0, we have with A = (1 - A^)^/^ 
{WiQif, g) - Q{.f, Wig), h) = ((A-"Q(/, g) - Q{f, A-^g)), WiA^h] 
+ [{WiQif, A-™5) - Qif, WiA-"'g)), A^h) 
+ A-" Wi g) - A-™g(/, Wig)), A"/.) 

+ (([A-™, Wi\Q{f, g) - Qif, [A-™, Wi\g)), A™/i) 
= (l) + (2) + (3) + (4). 

It follows from ^^U^ with M{C) = A"" that 

1(1)1 < 

1(3)1^ ^11/11 

By means of (|2.1.18p . we have 

1(2)1 <q|/|L. llfflL. J|/i|U™. 



To estimate (4), we first note that 

'(a) 



[A~^,Wi]^ E {Wi),AA-"^)'^''^+Wi^,R{v,D,), 



|a| = l 

-m-2 



where i? is a pseudo-differential operator which belongs to S-^^ . Write 

(4)- E ({(A-"f"'Q(/,5)-0(/,(A-"f"'5)}, {Wi)^^^A-h 
l"l=i 

+ E ({(W^/)(„)Q(/,(A-")^"^5)-Q(/,(M^0(„)(A-"f"'5)},A™;i 

|a| = l 

+ (i?(i;,i?,)Q(/,5),W^z_iA™/i) + {Q{f,Wi^^R{v,D,)g),A^h^ 
= {a) + {h) + {c) + {d). 

It follows from (|2.1.ip that 

l(c)| < C|lQ(/,g)||ff-.||/i||H;"_, < C||/llLj^^^^,Jl5llLj^^^^^J|/i|kr-i' 

|(rf)| <C||Q(/,M^z_ii?g)|U.||/i||H™ <C||/Li JIffL. J|/i||ff"- 

(t + 2s)+ ;-1 + (t + 2s) + 

By exactly the same method as the one for (|2.1.18p . namely, by replacing Wi by (14^;)*^"'' which is 
bounded by we have 

1(6)1 <c|I/IIl^ , , ll/^IU™ <qi/Li Jg\\L^ JHh^. 

1-1 + 2S + -Y+ \ / i + 2s-2 + 7+ Z-2 + 2s + -y+ i + 2s-2 + 7 + 

The estimation on (a) is the same as the argument in Proposition 12.91 by replacing M (D) by 
(A~™)("\ except for the term corresponding to X. Notice that D^{{S) ™) := M("^(^) is no longer 
a function of Instead of l|2.3.5p . we only have 



(2.3.21) |m(") (0 - M^"^ i^^)\<C 



sm- 
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Thus, we need to use the symmetry property as in the proof of Theorem 12.11 The term corre- 
sponding to X is 

X (M(")(e) - Af .F($,.9) (^+)e-™*«" dadv, Hq {^)d^, 

where /iq = (T^;)(a)A'"/i. By letting 

- v*\) , . . . ho{v) 

F{v,v^)^ . g{v), h{v,v^):^——, 

we write 



R3 JS2 

Set 

and write 



X (V|Af("))(e+ + T(e - em-)'F{e,vSH^+,v,)dcTd^}dT 
By the same symmetry property as shown in Figure ?? in the proof of Theorem 12. 11 we have 



• a)(V^A/("))(e+) • ri'j)Fie,vShi^+,v,)dad^ - 0. 

Then it foUows from (|2.3.21|) that 

snp\C\v.)\<C\\g\\L^ \\ho\\Ll<C\\gh^ \\h\\Hr, 

and 

sup\£^v,)\ < C\\g\\L2 \\ho\\L2 < C\\g\\L2 \\h\\Hr_^, 



-2 

whence we obtain 



1+7+ 7+ ' 

In summary, we obtained the desired estimate (|2.1.19p . 
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3. Regularizing effect 

In this section, we will prove the regularizing effect on solutions to the non-cutoff Boltzmann 
equation starting from / e Hf (] Ti , T2 [ x i7 x ) ) . Actually this will be proved by using an induction 
argument in the following subsections. In the first step, we will show the gain of regularity in the 
variable v mainly by using the singularity in the cross-section, that is, the coercivity property in 
(j3.1.3p . In the second step, we will apply the hypo-elliptic estimate obtained by a generalized 
version of the uncertainty principle to show the gain of regularity in (x, t) variables. Then an 
induction argument will lead to at least one order higher regularity in variables. By using 

the equation and an induction argument again, at least one order higher regularity can be obtained 
in V variable. Therefore, the solution is shown to be in Tif (jTi, x^^ x R?) which by induction 
leads to nf{]Ti, T2[y.n x R^). 

Let / G (]Ti, T2[ xfi X R^)), for all / G N, be a (classical) solution of the Boltzmann equation 
(jl.ip . We now want to prove the full regularity of ip{t)ijj{x)f for any smooth cutoff functions 

3.1. Initialization. Here and below, (p denotes a cutoff function satisfying <j) E and < (/) < 1. 

Notation (pi CC 02 stands for two cutoff functions such that 02 = 1 on the support of (pi. 

Take the smooth cutoff functions (p, ^^t^z G C5"(]ri,T2[) and V': V'2,V'3 S C'^(Sl) such that 
CC ^pi CC ipz and V CC -02 CC V'3- Set /i = ipit)ip{x)f, /2 = ip2{t)Tp2{x)f and /a = 

ip3it)ip3{x)f. For a G N^ |a| < 5, define 

g = d"{^{t)^{x)f) = dZ,^,{^m{x)f) G L2(R7). 

Firstly, the translation invariance of the collision operator with respect to the variable v implies 
that (see [32j|37l[53] ), for the translation operation th in v by h, that we have 

ThG{J, g) = QiThf,Thg). 

Then the Leibniz formula with respect to the t, x variables yields the following equation in a weak 
sense 

(3.1.1) g^+v ■ d.,g = g(/2, g) + G, (t, x, v) G R^ 
where 

(3.1.2) G = C^lQ{9'''f2, 

ai+02 — CK, 1<|q:i| 

+ d''(^ipt^(x)f + v ■ MxMt)f) + [9", V ■ d^]{^{t)^{x)f) 
^ {A) + {B) + {C). 

To prove the regularity oi g — d°'{(f{t)4'{x)f), the natural idea would be to use g as a test 
function for equation (|3.1.ip . But at this point, g only belongs to L^(M^) so that it is only a 
weak solution to equation (|3.1.ip . By using the upper bound estimate on Q, we have Q{f2,g) G 
L^(Rj j.; H^^'^{Rl)). Thus, we need to choose the test functions at least in the space L^(Rj J,; iJ^''(M^)). 
For this, we will use a mollification of g with respect to the variables (a;, v) as a test function. 

For this purpose, let S G G^(R) satisfy < 5 < 1 and 

5(t) = 1, |r|<l; 5(t)=0, |r| > 2. 

Then 

Sn{D,)Sm{D..) ^ S{2-'^\D,\')S{2-'''\D.,\^) : H-°°{R'') ^ ff+°°(R6), 
is a regularization operator such that 

II {SN{D.,)SNiD,.).f) - /||l;=(r6) ^0, as TV ^ 00. 
Choose another cutoff function CC ?Ai CC V'2 and set 

PN,i=Mx)SNiD,)Wi SNiD,). 
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Then we can take 

~9 = Pn..i {Pnj g)&C\R;H+°°iR')) 

as a test function for the equation (|3.1.ip . 

It follows by integration by parts on R"^ = x x that 



L2(R7) 



[p^,Q{h,g),P^, + ^) 

which implies that 

(3.1.3) -[Q{f2,PN,ig). PN,ig) , = -[[SN{Dy), v] ■ VxSN{D.j;)g, iPi{x)WiPn.i g) 

+ {p.,Qih,9) - Qih,P.,9), p., 5)^.^^.^ + (g, g)^,^^^^. 

By using p.l.3p . we can deduce the regularity of g from the coercivity property of the collision 
operator on the left hand side and the upper bound estimate on the right hand side. The detailed 
argument will be given in the next subsection. 

3.2. Gain of regularity in v. In this subsection, wc will prove a partial smoothing effect of the 
cross-section on the weak solution g in the velocity variable v . 

Proposition 3.1. Assume that < s < 1, 7 e M. Let f £ HfQTi, T2[xnx R^) be a solution of 
the equation for all I G N. Assume furthermore that 

(3.2.1) f(t,x,v)>0 and ||/(t, x, •)||li(r3j > 0, 
for all {t, X, v) gJTi, T2['><^ x R^. Then one has, 

(3.2.2) A^/i G iJf (R^), 

for any I G N, where A = ip{t)^:{x)f with ip G C^(]ri, TaQ, G C°°{n). 
Proof : Firstly, the local positive lower bound assumption p.2.ip implies that 

, , inf 11/2(^,2;, ■)||li(R3) = Co > 0. 

(i,a;)£supp c^xsupp 'tpi 

Thus, the coercivity estimate (|2.2.1[) in Theorem 12.61 gives that for any 7GM, 0<s<l, 



(g(/2, PN.ig), PNjg) / (Q(/2, PN.ig), PN.ig) 

Co||W^/2-Pjv,;5(i,a;,-)||l/=(a3) 



dxdt 



-C||/2(i,X, OIIli , , .(Rl)\\PN,ig{t,X,-)\\l2 (jj.3)) 



dxdt 



where Cq depends on co,supt \\f2it,x, OIIlJcrj) and supt_^ \\f2it,x, OIUiogLCRj), see Remark[2Jl 
For the terms in (|3.1.3p . note first of all that 

(3.2.3) [Sn{D,,), v] ■ V, Sn{D,) = 2-^'' {S') ^{D,) ■ V, Sn{D^) : L^R^^) ^ L'(M^,„), 

is a uniformly bounded operator so that 

{[Sn{D,), v] ■ V, SN{D,)g, M^)WiPn,i 9) \ < CWfiWl.^ry 
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Hence, by using (|3.1.3p . we get, for I > 3/2 + 2, 

(3.2.4) \\KW^/2PN,ig\\l2^R.~> < C^{(l + ll./2|1^2+.^(K«))||/i||'H5(r) + 



G, 5 



{PN,iQif2,g)-Q{f2, Pn.19), PN,ig) \} 



The above constants C > are independent of TV. 

We complete the proof of Proposition 13.11 by estimating the last two terms in (|3.2.4p through 
the following three Lemmas. 

Lemma 3.2. Assume < s < 1,7 £ R. Let f e HfQTi, xf7 x M^), I >3/2 + 2. Then, for 
any a G N*", \a\ < 5, we have, for any £ > 0, 



(3.2.5) 



Proof : Firstly, we prove that 

(3.2.6) G e L2(K4^;i/-(2«-i+^)^(M3))^ 

for any I € N, where (2s — 1 + J)+ = max{2s ~ 1 + 6,0} and 5 > satisfying 2s — 1 + ^ < s. By 
using the decomposition in (|3.1.2[) . it is obvious that 

iB)^d"(^iptij{x)f + v ■ MxMt)f) eLf(M^), 

and 

ll(^)llLf(R7) < C||/2||_H5^^(K7). 

Since [9", v ■ dx] is a differential operator of order |a|, we have 

II(C)||l2(R7) < C'||/2||Hf (R7))- 

For the term (A), recall that ai + a2 — a, \a\ < 5 and \a2\ < 5. In the following, we will apply 
Theorem 12.11 with m ~ 1 — 6 ~ 2s. We separate the discussion into two cases. 



Case 1. If |ai| = 1,2, we have 

l|g(a"V2, d^^h)it,x,-)\\i,^s-2.(^,/xdt 



< c 



\d'^-f2{t,x,-)\\i, (^3)|!a"Vi(i,:^r)ll^i-. ,^..dxdt 



< c||a"V2|li~(R4^;ii 



i + (2s + T) + 



W^fi(i,x,-)\,\. ,^.^dxdt 



< C\\f2\\ ^2 + 4/2 + 5 , 



Case 2. If |ai| > 3, then \oi2\ < 2, it follows that 



W^f2{t,x,-)\\i. (R3)||a"Vi(i,2;,-)ll^i-^^ r^..dxdt 

Z+(2s + 7)+^ ^> -"i + (2s + -,)+'- 



^"2 f || 2 



< c\\d'^'fi\ 

— C'||/l||'^2+l-i + 4/2 + 5/2, 6,11/2 II 



l|a"V2(i,X,.)|| 



^dxdt 



! + 3/2 + 5+(2s + t)+ ^ 



"! + (2s + t)+ ' ! + 3/2 + 5 + (2s + t)+ ^ 

By combining these two cases, we have proved p.2.6p . 
Now if 2s - 1 < 0, then ([3?2:6l) implies that 



(g, 9) 



< Gil /all ^5 ^ _^(R7)- 
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On the other hand, if < 2s — 1 and 7 < (the case 7 > is easier), then p.2.6p imphes that 

because 2s — 1 + S < s. Therefore, the proof of Lemma [3.21 is completed. 

We now turn to the estimates of commutators between the molHfication operators and the 
collision operator, which are given in the following two lemmas. 

Lemma 3.3. For any 7 e M, we have 

(1) If < s < 1/2, then for any suitable functions f and g with the following norms well defined, 
one has 

(3.2.7) \\SN{Dv)Q{f,9) - Qif, 5'Ar(D„)5r)||i2(R3) < C||/||ii^(R,3)||5r||i2^(R3), 

for some constant C independent of N. 

(2) // 1/2 < s < 1, then for any S > there exists a constant Cs > such that 

(3.2.8) \\SNiD^u)Qif,g) - Qif, SNiD^u)g)\\L-^iRi) < CsWfh^ (^3, , 

and 

(3.2.9) \\SN{Dy)Q{f,g)-Q{f, SN{D^)g)\\Hi-2s-6(^R3-) <Cs\\f\\L^ ^(r3) llgL^ ^(r3). 

(3) When s = 1/2, we have the same form of estimate as i3.2.8\) with (2s + 7 — 1) replaced by 
(7 + k) for any small k > 0. 

Before giving the proof of this lemma, notice that when 7 = in the Maxwellian molecule case, 
the following proof of Lemma [3.31 is similar to Lemma 3.1 in [48] (see also Lemma 5.1 in [8]) by 
using the Fourier transformation of collision operator. However, here we consider the case for 7 S R. 

Proof of Lemma 13.31 : The proof is a slight modification of the proof for Proposition 12. 91 Set 

M(iei)- 5^(1^1) -^(2-2^icn. 

Then Sn ^ q uniformly. Even though it does not satisfy (|2.3.2p . we have 

|9"5jv(i^i)i<c„w(iei)<e>"'"' 

with Ca independent of iV e N. Thus, (|2.3.3p implies (|3.2.7|) and (|2.3.4p implies (|3.2.8p respectively. 
For (|3.2.9p , note that with m = 2s — 1 + J we have 

{S^Qif, g) ~ Qif, S^g), h) = {{A-^Q{f, g) ~ Q{f, A'^^g)), A™5jv/i) 

+ {{SNQif, A-™g) - Qif, A-^^ATg)), A-/*) 

+ {{Qif, 5^A-"g) - A-"Q(/, SNg)),A"'h) 

=(Ji) + (/2) + (/a). 

By applying (12X41) with M(0 (0"'" to (h) and (/g), we obtain 

l(/i)l + l(/3)l<qi/Li Jgh^ JhUr., 

(2a + 7-l)+ (2s + T-l) + 

because Sn € Si q uniformly. The same bound on (/2) follows from (|3.2.8p . 

Notice that the case of s = 1/2 follows from the case ofs = l/2 + K for any positive k because 
the main concern here is the upper bound. And this completes the proof of the lemma. 



The following lemma is on the commutator of the collision opertor with mollifier in the x variable. 
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Lemma 3.4. Let < s < 1 and 7, m G M. For any suitable functions f and h with the following 
norms well defined, one has 

(3.2.10) \\SN{D.,)Qif, h)~Q{f, 5jv(i^.)/^)||L^(R4^,H™--(R3)) 

for a constant C independent of N . 

Proof : Let us introduce A"Ar(z) = 23^S'(2^z)2^z. Note that G L^(M''^) uniformly with 
respect to N . Then for any smooth function h, one has 



UsN{D^)Q{f, h)~Q{f, SN{D,)h)),h)^^^^^= { / k^ix-y) 
x(Q(V,/(i,2; + r(x-2/), •), '2^^h{t,y, •)), h{t,x, ■)) dtdxdyldr. 

V / L'^(R^) J 

By applying Theorem 12.11 with m — 2s, the right hand side of this equality can be estimated from 
above by 

C\ sup\\V^f{t,x, ^(r3)|x 

{\Kn\ * ||2-^Mt, OIIhjs,^^, (R3))(a;)||/i(t,2;,-)||H2.-™(R3)dxdt 



which completes the proof of the lemma. 

We now apply p.2.10p with h = SN{Dy)g and m = 1, we get 

(3.2.11) \\SN{D^)Q[f, SN[D,)g)-Q{f. SN{D^)SN{DM\L-(n.^H^-''(n)) 



< C||V:,/||ioo(R4^^ Lj^^^^^^(R3))||ff||L 



2|-b4 t2 

^' (2s + 7) + 



Here, we have used the fact that a mollification operator Sn{Dv) in the v variable has the property 
that 

\\2-^SN{D^)g{t,x, ■)\\h^ (r3) < C||5(t,x, • )||i2 (m), 
where C is a constant independent on N. 

Now we are ready to complete the proof of Proposition 13.11 

Completion of proof of Proposition 13.11 

We study now the commutator terms in (|3.2.4p . For this purpose, note that 



(3.2.12) [PNjQ{f2,g)-Q{f2, PN,ig), Pi 



N.i g , 

= (SN{D,)Q{f2,g)-Q{f2, SN{D,)g), SUD.)M^)WiPn,ii , ^ 

+ (SN{D,)Q{f2,SN{D„) g) - Q{f2, Sn{D^)Sn{D^) g), Mx)WiPN,ig . 

+ Ui{x)WiQ{f2,SN{D^)SN{D^)g)-Q{f2,PNjg), PN,ig) 
= (l) + (2) + (3). 

Note that A^[?/;i(x), Sn{Dx)]Sn{Dv) is an uniformly bounded operator with respect to the 
parameter N for < s < 1, and that [Wi, Sn{Dv)] is also a uniformly bounded operator from 
to Lf_i with respect to the parameter N. The discussion on (|3.2.12[) can be divided into the 
following two cases. 
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Case 1. < s < 1/2. In this case, Lemma [3.31 implies that , for Z > max{4, (7 + 2s)+}, 

1(1)1 < C'II/2||loo(r4^ ^ Ll^^^JR3))ll5lU2(R7)||5||i2^(U7) < C* 1 1 /s 1 1 ^5^ (jj7) . 

And Lemma implies that 

1(2)1 < C'||V2:/2||l=-(r4^ , li^^^^(r3))I15||l2(r4^ , l2^(m3))II5||l|,(m7) < '^WhWH^im)- 
As for the term (3), we use Lemma [2.41 to have 

1(3)1 < C'||/2||L~(Bf ^ , Li , _ (M3))||5||l2 (R7)|l^'w,(5lU2(R^) < C"!! /s II H|, (R^) • 

' i-|-'y I -i-2s i -|- "y ~r -|- 2 s ' 

Case 2. 1/2 < s < 1. By using (P?^ . we have 

1(1)1 < C'll/2||L~(Rf^^ , i,'^^ + _^2^„i(R?,))ll5llLf^^ + _|_2^_^(R^)ll^7/2^-'V,'5llL2(R4^ ^ ^2=-i+5(r3)) 

< e||A^W"^/2PAr,(.g||i2(R7) + <^£ll/3llH5^^^^_^(R7)• 
We can use p.2.1ip to show that 

1(2)1 < C\\Vxf2\\L°°{Rl^ ^ i' ++2,(KS))ll5lli^(Ktx , i^+^asC"^-))"^' ^^^^ 9\\L^(Rf_^ , ff2.-i(R3)) 

< a||/3||tt(R.) +e||A:VF^/2P^,;5lli2(R.^^^). 
Then, (|2.1.18p implies that 

1(3)1 < (^11/211^^(84^ ^ 1^1^^^_^^_^^(^s^3)-j\\iPi{x)Sn{Dx) S'Ar(Z?.„)5||^2(R4^ _/i-2=-l + i^_^^(R3))||^V,ig||L2(R7) 

< Ce|l/3||^t^(R7) +e||A,^VK.y/2PArjg||i2(R7^_j. 

In summary, we have obtained the following estimate for the second term on the right hand side 
of (I3T41) 

(PN.iQif2,g)-Q{f2, Pn,i9), PN.ig) , ^ 

V /L2(R7) 
< C^e||/3||^|(Rr) +£||A:Ty,/2P^,,g||2,(j^,^^^). 

Finally, it holds that 

(3.2.13) l|A:W^^/2PAr,;5lli^(RV) < Cy^^^^^, 

where the constants C, fc, and k' are independent of N. Therefore, Proposition 13.11 is proved by 
taking the limit iV — > oo. 

3.3. Gain of regularity in {t,x). First of all, let us consider a transport equation in the form of 
(3.3.1) ft + v-W^f = geD'{R^^+^), 

where {t,x,v) € = R^n+i jj^ gj^ ^gj^g g, generalized uncertainty principle, we proved 

the following hypo-elliptic estimate. 

Lemma 3.5. Assume that g e i?"^' (M^^+i)^ for some < s' < 1. Let f & L2(M2n+i) feg ^ ^ygafc 
solution of the transport equation US. 3.1]) such that A^ / G L^(]R^"+^) for some < s < 1. Then it 
follows that 

w/iere A. ==(l + |i:'.P)i/2. 
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As mentioned earlier, this hypo-elliptic estimate together with Proposition l3 . II are used to obtain 
the partial regularity in the variable {t,x). With this partial regularity in (t,x), by applying 
a Leibniz type formula for fractional derivatives, we will show some improved regularity in all 
variables, v and {t,x). Then the hypo-elliptic estimate can be used again to get higher regularity 
in the variable {t, x). This procedure can be continued to obtain at least one order higher regularity 
in (t, x) variable. 

For the details, we first recall a Leibniz type formula for fractional derivatives with respect to 
variable {t, x). 

Lemma 3.6. Let < A < 1. Then there exists a positive constant Ca 7^ such that for any 
f £ 5(M"), one has 

(3.3.2) \Dy\'ny)^T-\\^\'m)-C, jJM_EH±Rdh. 
Indeed, note that 

while 

/ ^ f dh = \^\^ / L^——du^ 

so that p.3.2p follows from 

which is a positive constant depending only on A and the dimension n, but independent from ^. 
Using this Lemma, we have the following Leibniz type formula, 

(3.3.3) m\fiyMy))=cJ mEM^f^^^MylRdh 

= 9(y)\Dy\ f{y) + f{y)\Dy\ g{y) + Cx / ^ -f;^ '-dh. 

We now turn to the analysis of the fractional derivative with respect to (i, x) of the nonlinear 
collision operator. Denote the difference with respect to (t, x) by 

hit, x, v) = fit, X, v) - fiit, x)+h, v), h e Rlx ■ 

It follows that for the collision operator (where n = 1 + 3), 

(3.3.4) |A,.|^g(/, 5) 9)+Q{f, \Dt,,\^g)+Cx [ \h\-^-^Qifi^, 9h)dh. 

This kind of decomposition will be used extensively below in order to get the partial regularity 
with respect to the (i, x) variable. 

First of all, we have the following proposition on the gain of regularity in the variable it, x) 
through the uncertainty principle. 

Proposition 3.7. Under the hypothesis of Theorem \l.l[ one has 

(3.3.5) Kl%f^£HfiW), 

for any I £ N and < sq = ^{s+ij ■ 

Proof: In fact, for any Z e N, it follows from Proposition 13.11 that 

Then the upper bound estimation given by CoroUarv 12.51 with m = —s implies that 

WiQif2, 9) e L'iRU H-^Rl)). 
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On the other hand, Proposition 13.21 and (|3.2.6|) gives 
By using ()3.1.1|1 . it follows that 

(3.3.6) dtiWig) + v ■ d^Wig) = WiQ{f2, g) + WiG e H-'{^''). 

Finally, by using Lemma 13.51 with s' — s, we can conclude p.3.5p and this completes the proof of 
the proposition. 

Therefore, under the hypothesis / G 7if{]Ti,T2[x^l x R^) for aU Z e N, it follows that for any 
I E N we have 

(3.3.7) AlMmx)f) eHf{R^), At%i^itMx)f) eHHR'). 

We now improve this partial regularity in {t, x) variable. 

Proposition 3.8. Let < A < 1. Suppose that f G Hf{]Ti, T2[xfl x R^) is a solution of the 
equation il.l]) for all I e N. Furthermore, assume that for any cutoff functions if, ^, 

(3.3.8) K{^{i)^{x)f) e Hf{W), Al,Mt)^ix)f) e i/f (R^). 
Then, one has 

(3.3.9) KAUip{t)^ix)f) e hUr'), 
for any I G N and any cutoff functions ip, tp. 

Proof: Set 

9N.I - Pn,i9 - M^)Sm{D^)Wi SN{D,)d"{ifm{x)f), 
where a e N^, |a| < 5 and ? e N. Then ((SXS)) yields 

||ASgjv,i|U.(R.) < C||AJ9"(^(0^(x)/)L2(j,.), 

and 

< C\\Al,d"{^it)i;{x)f)\\L2^^r^, 
where the constant C is independent of N. 
It follows that gN,i satisfies the equation 

(3.3.10) dt{gN,i) + v ■ dx (gNj) = Q(/2, gNj) + Gn,!, 
where Gat,; is given by 

Gn,i = i^i{x)Wi [Sn{D,), v\ ■ V^SN{D,)g+{PN,iQ{f2, <?) -0(/2, Pn,i9)) 

+ {{v ■ V^)Mx))Wi SNiD^)SN{D,)g + Pn,iG, 

with G defined in |3T2)) . 

We now choose \Dt^j.\^ip2{x)\Dt ,c\^g]yj as a test function for equation p.3.10p . It follows that 

(3.3.11) (v ■ (5,V2)|A,.|V.i, Mx)\Dt 

= (Mx)\Dt,cc\^{Qif2, gN,i) + GN,i}, Mx)\DtM^gN,^^- 

It is sufficient to prove that, for any I £ N, 

(3.3.12) A'^Al^PN,igeL\R'), 

and is uniformly bounded with respect to N. In the rest of the proof, we use G to denote a constant 
independent of N. 
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We first consider the linear terms in p. 3. 111) . On the left hand side of (j3.3.1H) . the hypothesis 
(|3.3.8p implies that 



For the linear terms in Gat,;, by using p.2.3p . one has 

\\Mx)\DtMHM^Wi [Sn{D,), v] ■ V,5w(i?.)5}|L.(r) 
<C|||At^,|^9"Kt)V'(x)/)L.(R.), 

and 

\\M=c)\Dt,.Wv ■ iV^lPi){x))WiSN{D,)SN{D^)g\\^2(^g^r) 
<C\\\At,.\^d"iip{tMx)f)h.^^^^ry 

Similarly, concerning the linear terms (B) and (C) in G, we have 

For the nonlinear terms in (|3.3.1ip . we shall use the formula (|3.3.4p .First of all, the coercivity 
estimate (|2.2.ip gives, as in p.2.3p . that 

(3.3.13) -[Qif2,Mx)\DtM^9N.i), 



> 



Co\\KW-,/2M^)\Dt 



-C'll/2||L=°(Rf ^; Li , , , ,(K3))||l/'l(a;)|A,a;|^ffAr,i|lL2 m7N. 

On the other hand, the upper estimate of Theorem 12.11 with m — —s and a = —7/2 > (the 
case 7 > is easier) gives, 



{Qi\Dtj\f2, Mx)9N,i), Vi(a;)|A,.| V, 



< GlllA.o;! /2||l=o(r4 ^1 (R3))||'0i(a;)A^5jvj||i2 ^R7)\\ipi{x)\Dt,x\ AlW^/2gN.i\\LHW) 

<e\\Mx)\DtM^AlW^/2gN.l\\hiM^)+Ce\\\Dt,x\^f2\\l^r^f L2 (R3))||A:5|li2 (R7). 

^ ' ^ |T|/2 + T++2a + 4^ " " | T | /2 + 7+ + 23 + 1 ^ ' 

For the cross term coming from the decomposition p.3.4p . by using again estimate (|2.1.ip with 

m = — s and a — |7|/2, we get 



\h\-^-^ (Q{{.f2)h, {9N.i)h), i^l{x)\D,\^gN^ dh 
< \Cx\\\M^)\D^\^AIW^/29n,Al^(wl^) 



Furthermore, 

\h\^^^^\\if2)h\\L-^(mf {Rl))\\Ki9Nd)h\\L^ (M-')dh 

\f^\^^^^\\if2)h\\L^(Mf ^,L} , (R3))||AJ(gjv,i)/i||L2 , , (R7)d/l 

\h\<l ' lTl/2+^++2a^ ^" h|/2 + 7++2s^ ' 

-4Ga||/2||l=o(js.4 (R3))l|AS5W,i||L-^ , , (R7) 

^ \^\/2+~,+ + 2s^ ^" |-,|/2+-,+ +2s^ ' 



< 2 \h\ ^ ^^^l|Vt,2;/2||L~(R4 ,Li , (R3))\\AlgNAL^ , , (R'')dh 

J\h\<l • l7l/2+T + + 2s^ l~,l/2+i++2s^ I 



+ 4Ga||/2||loo(r4 ^1 (R?))l|Aj5A',i||l,2 (R7). 

^ |t|/2+t+ + 2s^ |7|/2+-, + +2s^ ' 
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Thus 

/ \h\-^-^ (Q((/2)h, i9N,i)h), ^^l{x)\D,\^W^/29N.i) dh 
< e\\M^)\D^\^KgN.i\\h(mr-, + C4Alj2\ 
Hence, the formula p.3.4p yields 

|A,.|^Q(/2, Mx)9na) - Q(|A,.|V2, i>iix)9NA), Mx)\Dt,.\^gN,i 



39 



l|2 



|7l/2 + 7++2a + 4^ " " l^[/2 + y + + 2s^ ' 



< 



L2(R7) 



Tl/2 + T + + 2ii + 4^ 

In conclusion, we get from coercivity property (|3.3.13p that 
(3.3.14) '"'^"^ "2 



\K9\ 



7|/2 + T + + 2s + !^ 



||ASiy^/2Vl(a:)|A..|'5iV,i|li2(K.) 
<C'l|At,a;/2|li^(E4 ^2 

lA,.i^.9lli2 



7|/2 + T++2s + 4^ 



I|a:.9| 



s „I|2 



'l+|7|/2+7 + + 2s''''' " ""^i+|7|/2 + T + + 2s'- 

|A..|^(/'jv,iQ(/2, g)-g(/2, Pjv.iff)), 



L2(E7) 



(|A,.|^PAr.; (A), iPl{x)\Dt,,\^ gN.i) 
(I) + (II) + (III). 



For the term (II), since '01(2;)] is a bounded operator, we can replace P^ i by P, 

Wi SNiD^)SNiDy). Again, the formula ((3X4)) yields 



NA 



{\DtM\PN,iQ{f2. 9)-Q{h. Pn,i9)), i^l{x)\Dt^,\''gN,i 
= ({PN.iQ{\DtA^f2, 5)-Q(|A,.|V2, Pn,i9)). ^l{x)\Dt.A^gN,i 
+ {{PN,iQ{f2, \DtM^g)-Q{f2, PnADA^9)), V'2(a;)|A,.|Vi 



+Cx / \h\ 



1-4-A 



[PN,iQ{{f2)h, 9h)~Q{{h)h. PN,igk)), V2'(a;)lA,.lVi) dh 



As for (I3.2.13I1 . in the case when 1/2 < s < 1 (the other case when < s < 1/2 is similar and 
easier to handle), by applying Lemmas 12.41 13.31 and 13.41 we have 

(3.3.15) 



{PN,iQi\Dt,A^f2, 5)-Q(|A,.|V2, Pn,i9)), V'l(a;)|A,.|V, 



^ ■ (7 + 2s-l) + 



^(-, + 2s-l) + 

By using p.2.9p of Lemma [331 we can get, for 2s — 1 + (5 < s, 

{{PN,iQ{f2, \DtM^g)~Q{f2, pNADtM^g)), ^|(a;)|A,.|V 

< C||At,:,/2||ioo(R4^, il^_^^^_^^_^(R3))|i |A,:r|^5llL2(R^_^, L^^^_^_^^^_^^. 

X|| |A,i:|'^'0l5Ar,i|lL2(R4 jj2.-i+i 

^ '"^ ' i + (7 + 2s-l) + 

<e||A^W^/2V'i(a^)|A.x|Vdl 

+ C'£||AL/2|li~(R4 r2 , fR3lJI lA.a;'^""^'' 



i + 3/2 + 6+(T + 2s-l) + 



40 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



and 



\h\ 



'4-A 



dh 



PN,iQ{f2.h, 9h)-Q{f2M, pNjgh)), ijUx)\D.,\^gN,i] 

^ ( 

i+(T + 2s-l)+^ 



< C\\f2\\jj2+4/2+5 ,^7. ||A^5r||^2 (m)\\\Dt,x\^g\\Lf{R-') 



i + 3/2 + 5+(7 + 2s-l)+ ^ 



Thus, we have 

(II) < £||ASW^^/2^l(x)|A,.|'5JV,i|li2(R.) 



(+T++2s+4^ 



L2 , (R7) 



We now consider the last term (III) of p.3.14p . RecaU that {A) stands for the nonhnear terms 
from G given in (|3.1.2p . Precisely 

iA)= CZlQ(d'^'f2, d^^h). 

Ctl+Ct2— Ql^O 

By using (|2.1.ip (we consider also only the case l/2<s<l) and formula (|3.3.4p . we have 



< 



(q(9"V2, PN,i^l{x)\DtA^ gN, 

C||A-"M^^/2Vi(x)|A,.|VdU^(R^){||0(|A,.|^5"V2, 

} 



;-ff,+h.i/2(K2)) 



,-4-A 



i'(Rtx;-H",+i7i/2(RS))' 



We divide the discussion into two cases. 
Case 1. |ai| = 1,2. Take m ~ —s. We have 



<q|AL5"V2| 



+ 



A:A;^a"Vi||L 



! + -, + +2s 



< C'||/2||j:^A + 2 + 4/2 + 5 ^7 )\\ K h\\ H'^+ >' (R^) I 

i + 3/2 + 5 + 7 + +2s^ ' i + 7++2s^ ' 



and 



,-4-A. 



t,x'"l + |-,|/2^ 



Q(a"n/2)/., a"H/i);,)d/i 

<C /|/jr^-^||a"^(/2),|Lo.(R4 (a3))||A:9"^(/l),L2 



i+-,+ +2s^ 



<C||9"V2||l=o(k4 (R3))||AJ9"^V,,,A)L2 (R.) 

< CII/2II „2 + 4/2 + 5 /R7jAJ/l||_H-5 (jj,7). 

-"i + 3/2 + i + 7++2s^" -I i+-(++2s^ ' 

Case 2. |ai| > 3. By the same argument as above, one has 



+ 



i^(RL;^r+%i/2 

< c*!! A^,^a"V2llL2(R4^.Li^_^^^^^(R3))|| a^Aj^,^5""/iIIl~(r^ 

< C\\Atj2\\Hf^^^^^^^^^_^^^ (m) II A:/i II ^2+4/2+.+. . 



g(a"V2, |A,.|^a"Vi 



t.^'"^i+lTl/2( 
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When |q!i| = 3,4, we have 

< C'll/2|jff5 , , (R7)||/l|L2 + 4/2 + = + 5, 7., 

while when |ai| = \a\ = 5, we have 



h-^-^Q(^d''{f2)h, {fi)h]dh 



i^(Rtx;ffz"+i-,i/2«)) 



dh 



- ^2 II Hf^^^^^^^^^^^^ (K^) II /l II ^1+4/2+.+. , 

Thus, by the Cauchy-Schwarz inequaUty, we obtain 
Finally, we get from p.3.14|) that 

\\AlW,/2M^)\Dt,.\^9N,l\\h^ur) < C{\\ A^^,/3||5^f ^^^^^(R7) + II A?/3lllf=^^^^^^(E^) 

Therefore, we complete the proof for Proposition 13. 81 

We are now ready to prove the following regularity result on the solution with respect to the 
(t,x) variable. 

Proposition 3.9. Under the hypothesis of Theorem \l.l[ one has 
(3.3.16) Al%'Mt)^ix)f)€HfiM.^), 
for any I G N and some e > 0. 

Proof: Fix so = Then ()3.3.7p and Proposition 13.81 with A = sq imply 

It follows that, 

iAt%g)t + V ■ d,{At%g) = A^^Qif^, g) + K^G G H^'i^). 

By applying Lemma 13.51 with s' = s, we can deduce that 

A?°+^°(v.(OV(x)/)ei/f(M^), 

for any Z G N. If 2so < 1, by using Proposition 13.81 with A = 2so and Lemma 13.51 with s' = s, we 
have 

K{v{t)i;(x)f), A^,^S{^{tmx)f) e H-asJ) ^ Al^s^^mi^)!) e hHkJ). 

Choose fco G such that 

fcoso < 1, (fco + l)so = 1 + e > 1. 
Finally, p.3.16p follows from (|3.3.5p and Proposition 13.81 with A — k^SQ by induction. And this 
completes the proof of the proposition. 
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3.4. Proof of Theorem ll.il In this subsection, we give the proof of Theorem 1.1 with the above 
preparations. The proof is also based on an induction argument. 
From Propositions 13.11 and 13. 9| it follows that for any / € N, 

(3.4.1) a: {^{t)i:{x)f), Vt,, Mmx)f) e i/f (M^). 

These facts will be used to get the high order regularity with respect to the variable v. 

Proposition 3.10. Let < A < 1. Suppose that, for any cutoff functions ip € C^(]Ti, r2[), i/' G 
C^{n) and all I G N, 

(3.4.2) {^(t)^{x)f), V, {vm{x)f) e i?f (M"). 
Then, for any cutoff function and any I G N, 

(3.4.3) A^^(^(0^(x)/)eilf(R^). 
Proof : Recall that g = d°'{(p{t)tlj{x)f) with \a\ < 5 and 

9n,i ^ Pn,i9 = iI^i{x)Sn{D^)Wi SN{Dy)g. 
Choose K^^giq i as a test function for equation (|3.3.10p . Then, one has 



(3.4.4) 
Since 



[A^, v] ■ d^gN,i, J^v9N,i 



A^{Q(/2, gN.i) + GN,i}, A^,gN.i 



L2(R7) 



[A^, v] ■ 9, = AA^-2a, • 9„ 

and A^^^ dy are bounded operators in L^, for any < A < 1, we have, by using the hypothesis 
((3X2)) that 

(3.4.5) |([A„\ v] ■ d^gN,u ^-V,i)^^^^^J < C||A^g|li2(Kr)|lV,5|L2(r), 
and when 1/2 < s < 1. 

(3.4.6) \(a'^Gm,u A^5iv.;)^^^^^J < C||/2||H|(K^)l|A^gL2^_^^^^^(K.)||A^2-i+^5^_^||^,(^,^ 

< e||AJW^/2A^.gArj|||2(R7) + C'e||/2||^=(R7) l|A^ 5lli|,^(R7)- 
By setting M — A^ in Proposition 12.91 we have 



(3.4.7) (A^g(/, 9N,i)~Q{l A^9N.i), A^gN.i] 

< ^ll/2llL=°(Rf^^:Li_^(R3))(^||A^gjv,;|li2(R4^.i2_^(R3)) + \\9N,i\\h{m)) \\Av9N,i\\h{m 

when < s < 1/2. Moreover when 1/2 < s < 1, we have 



(3.4.8) 



A^g(/2, 9Nj) - Q(/2, J^y9N,l), Ay9N,l 



L2(H7) 



< C'||/2||l~(R^_^;LJ^^^^_^,^(R3)) 



3)) + l|gjV,i|li2(R7)) ||A,^+^'' ^'^^9N,l\\l2(^SJ) 



X [\\K9NAmMi^-L-^^^^.^_^^^ 

< £|lA^W^^/2A^.giV,dlL2(R7) + C'e|l/3||/f5(R7)||A^5|||2^^(.jj7^. 

Now the coercivity estimate (|2.2.ip gives, 
(3.4.9) -(q(/2, A^gjv,;), Av9n,i) > Co\\KW^/2J^^,9NA\hiM^) 



-C\\f2\\ 



13))||A^gAr,;|||2 (JJ7)- 

-y+ /2 
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Thus, Proposition 13 . 1 01 is proved by the foUowing estimate 

(3.4.10) WKW./^^'^gNAl^iW) < C(||/3||?,5(M.) + ||A^5||f.^^(„.)), 
where C is independent on N . 

We can now conclude the following regularity result with respect to the variable v. 
Proposition 3.11. Under the hypothesis of Theorem \l.l[ one has 

(3.4.11) Ai+-(^(i)V'(x)/) e iJf (M^), 
for any I e N and some e > 0. 

Again, this result follows by induction. Indeed, notice that there exists fcg ^ N such that 

fcos < 1, (fco + l)s = 1 + e > 1. 
Then we get p.4.1ip from (|3.2.2|) . Proposition [3T0l with \ = k^s and (|3.4.10|) . by induction. 

High order regularity by iterations 

From Proposition 13.91 (more precisely (|3.3.16[) ) and Proposition 13. Ill we can now deduce that, 
for any I G N, and any cutoff functions if{t) and ijj{x), 

The proof of Theorem 11.11 is then completed by induction. 

Indeed, if / is a solution of Boltzmann equation satisfying the assumptions of Theorem II. !( 
then, when m > 5, we have 

/ e nT{]Ti,T2[xn X M^), V/ e N =^ / e 7iJ"+\]Ti,r2[xr! x yi e N. 

Thus, the full regularity of Theorem 1 1.1 1 is obtained by induction from m = 5. 

4. Existence and uniqueness of local solutions 

The local existence of solutions to the spatially inhomogeneous Boltzmann equation without 
angular cutoff is so far not well studied. The strategy of proving the existence in this section is to 
approximate the non-cutoff cross-section by a family of cutoff cross-sections and approximate the 
Boltzmann equation by a sequence of iterative linear equations. Then by proving the existence 
of solutions to these approximate linear equations and by obtaining a uniform estimate on these 
solutions with respect to the cutoff parameter in some suitable weighted Sobolev space, the com- 
pactness will lead to the convergence of the approximate solutions to the desired solution for the 
original problem. One of the techniques used here is to introduce a transformation defined by the 
time dependent Maxwellian developed previously in |54j. The purpose of this transformation is 
to get an extra gain of one order higher weight in the velocity variable at the expense of the loss 
of the decay in the time dependent Maxwellian. Moreover, the uniqueness of the solution is also 
proved in some function space. 

4.1. Modified Cauchy Problem. By taking k, p > 0, we set, for < t < To = p/(2k), 

;,,(i) = ^(t,„)^e-(''-«*)(i+H^), 

and 

/ = r*(5,5) = ij.^{t)~'^Q{iJ,i^{t)g, iiK.{t)g). 

Then the Cauchy problem (|1.6|) is reduced to 

1 9\t=o = go- 
Our existence theorem can be stated as follows 
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Theorem 4.1. Assume that < s < 1/2, 7 + 2s < 1 and K,p>0. Let go e iff (M^), go > for 
some I > 3 and fc > 4. Then there exists T* gJOjTo] such that the Cauchy problem admits 
a unique non-negative solution 

5€CO([0,T,]; i?f(M«))n L^QO, T^; iJf+iCM^)) . 

We shall prove Theorem 14.11 by cutolF approximations. For simphcity of notations, we will 
denote pLK,{t) by jiit) without any confusion. 

Recall that the cross-section is of the form of B{\v — f*|,cos0) — ^{\v — w*|)6(cos0) which 
satisfies ()1.2p and ()1.3|) . For < e < < 1, we approximate (cutoff) the cross-section by 

6(cos6'), if 16*1 > 2e, 
6(cose), if \e\ < 2s. 

Denote by r*(g, g) the collision operator corresponding to the above cutoff cross-section = 
$(w - v^)b^{cos6). 

By using the coUisional energy conservation, 



6e(cos0) = 



\v'\^ + \v'\^ = \vA^ + \v\\ 



we have /i*(t) = /i ^(t) ij!^{t) iJ.'{t). Then for some suitable functions U, V, it holds that 

rl{U,V){v) = fi-\t,v) [[ B,{v-v^, a){^i'^{t)Uifi'{t)V' - fi^{t)U^n{t)V)dv^da 



(4.1.2) = // B,{v-v^, a)fj.4t){UiV' -U*V)dv*da ^Z(U,V, ii{t)) 

= QeW)U, V) + 11 B,{v - v„ a){fi4t) - iil{t))UiV'dv,da. 



Then we have the following formula coming from the Leibniz formula in the x variable and the 
translation invariance property in the v variable. For any a, f3 (£ N'^, 

dyXAu, V) 

ai+a2=a:, I3i+P2+I33=0 

= QeiKm, d^d^V) + If B,{v - V,, a)ifi4t) - f,:{t))U:{d^d^Vy dv^da 



+ E c„„„,,/3„/3../33^e(9."^af^t/, d^^d^w, ^|-^i{t)) 

\a2\ + \02\<\a+0\-l 
(4.1.3) = A1+A2+A3. 

Firstly, we give the following upper weighted estimate on the nonlinear collision operator with 
cutoff. 



Lemma 4.2. Let 7 G M.Then for any e > 0. k > A, I > 0, there exists C > depending on e, fc, I 

If 



such that for any U, V belonging to 



(4.1.4) \\T\{U,V)\\Hf^^.)<C\\U\\H^ <w^)\\V\\h- < i < To = ^. 

Proof. To prove (|4.1.4p . put 

Throughout this section, the estimates 

^l{t,v), |Ai3(i)l = |5fV(i,«)| <Cp,fce-''<">'/^ <e[o,ro], t-eR 

will often be used. 
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Firstly, we compute 7^"^ as follows. 
\WiT+\<C JJ{\v~v,\y\t,,{t,v,)\j^^^^^i^ 



Wl 2 1 1/2 r 



< C 

. 

Wl 



1/2 



\{Wi+^+gi):{Wi+^+h2y\^dv,d<j 



1/2 



where we have used |u — = \v' — v'^\ and (Wi)^{Wiy — ^' ^'^^'^^ the change of variables 
(4.1.5) {v,v^,a) ^ {v' ,vI,(t'), a' = {v - v*)/\v - v*\, 

has a unit Jacobian, we get 

\\WiT+\\l,,^e. <C ffff \{Wi+^+g,):{Wi+^^h2y\^dv,dadvdx 



^CjJJJ liWi+^^giYAWi+^+h^yi^dv'Ja'dv'dx 
<C ||(VK,+^+gi)||2,(g3)||(t^i+^+/i2)|li2(R3)dx. 



If \ai + Pi \ < fc/2, then we have 

||VFir+||i2(R6) < C||(W^i+^+5l)||Loo(R3.i2(R3))||(VFi+^+/l2)||L2(R6_J 
<C\\U\\Hk (R6)||T^||/i-fe _^(R6), 

because of the Sobolev embedding theorem and the fact k/2 + 3/2 < k when fc > 4. When 
|a2 + /32I < fc/2, the proof is similar. This completes the proof of the lemma. 

4.2. Cutoff approximations. We now study the following Cauchy problem for the cutoff Boltz- 
mann equation 



(4.2.1) 



gt+v- Vxg + K{v)'^g = r* (g, 5), 
g\t=a = go , 

for which we shall obtain uniform estimates in weighted Sobolev spaces. 



We first prove the existence of weak solutions to this cutoff Boltzmann equation. 

Theorem 4.3. Assume that 7 < 1. Let fc > 4, Z > 0, e > and Dq > 0. Then, there exists 
Ti; e]0, To] such that for any non-negative initial data go satisfying 

the Cauchy problem ^.2.1^ admits a unique non-negative solution g' having the property 

/ e C°(]0,re[; i?f(M^)), ||/ILoe(]o,T.[; Htm) < '^Do. 
Moreover, this solution enjoys a moment gain in the sense that 
(4.2.2) g' eL\]Q,T,[;Hl':^,{R'')). 

Remark 4.4. (1) Notice that we do not assume go G Hj'^^{M.^) and the gain of the moment will 
be essentially used below in the proof of uniform estimates to compensate the singularity in the 
cross-section. 

(2) The regularity of g^ with respect to t variable follows directly from the equation (j4.2.ip . 

(3) Fix 7, fc, I as in the theorem. Then T^ is a function of e and Dq. In the following, when we 
need to emphasize this dependency, we shall write 

T = T,{Do). 
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(4) //7 < 0, we may take k — 0. In this case, we do not have the moment gain ^J72^, which is 
anyway not needed. 

Proof of Theorem 14.31 We prove the existence of non-negative solutions by successive ap- 
proximation that preserves the non-negativity, which is defined by using the usual splitting of the 
collision operator (|4.1.2p into the the gain and loss (-) terms, 

r*'+(5,/i)= // B,{v-v,, a)fi4t)glh'dv,da, 

r'--{g,h)^hL,{g), 

Le{g) 11 Bs{v - v^, a)fi{t,v^) g^dv^da. 



Evidently, Lemma l4?2l applies to F*'*, and in view of (|1.2p . the linear operator satisfies 

(4.2.3) \d^d^L,ig){t,x,v)\ < ||a,"g|U.(M3), t e [0,To], 

for a constant C > depending on e, because — v^)''\ < C{v)''~^^^. 

We now define a sequence of approximate solutions {g"}nGN by 



9° = go; 

{4.2 A) { dtg''+^ + V ■ V,5"+' + «;(bl)'5"+' = r*'+(5", 5") - r*'-(g", 

Actually, in view of (|4.2.3[) we consider the mild form 

(4.2.5) g"+i(t, X, v) =e~"<l"l>'*-^"(*^")5o(a; - to, v) 

nt 

+ / e'"<l''l>'(*-^)-^"(*'*)r^'+(g", 5")(s,:e- (t-s)w, z;)ds, 

where ^ 

V"{t, s) = I L,{g^){s, x^{t- s)v, v)ds. 

J S 

First, we note from Lemma [4?2l that for any T G ]0, To], Tq = p/ (2/^), go > 0, and 

5"eL°°(]0,r[; i/f(M«)), g">0, 
the mild form (|4.2.5|) determines in the function class 

(4.2.6) e i°°(]0,T[; (»')), 5"+' > 0, 

and solves (|4.2.4p . Thus 5"^^ exists and is non- negative, but appears to have a loss of weight 
in the velocity variable. We shall now show that the term K{v)'^g'^~^^ in (|4.2.4p not only recovers 
this weight loss but also creates a higher moment. More precisely, we have the following lemma. 
Introduce the space and norm by 

X = L°°(]0,r[; iJf(R6))nL2(]o,r[; iyf_^i(R6)), 

III5IIP = ll5ll^ooQo_T[; Hl^iR")) + '*ll5lli2Qo_T[; _f/f^^(R8)) ■ 

This norm depends on fc, I, T, k, but we omit this dependence in the notation for simplicity. 

Lemma 4.5. Assume that 7 < 1 and let k > 4,1 > 0, s > 0. Then, there exist positive numbers 
Ci, C2 such that i/ p > 0, k > and if 

(4.2.7) 50 e Ht{R'), 5" e L^QO, T[- i/f (R^)), 

with some T < Tq, the function 5"^^ given by (|4.2.5p enjoys the properties 

(^■^■^) |||o"+l|||2<pCiK„TA| 112 I Ci||„||4 A 

Illy III ^ \^llyoii^fc(R6) ^ K lly IIl4(]o,t[; iff (R6))y ' 
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where Kn is a positive constant depending on ||5"||l^(]o t[- Hj'iR'^)) '^^'^ 
Proof. Put 

Differentiation of equation (|4.2.4p yields 

+ V ■ V,/i"+i + K{vfh''+^ = G+ - Gr + G2 + G3, 
G+ - 9"r*^+(5", 5"), Gr - 9"r*--(5", 

G2 = -[a", «-v,]<?"+\ 

I/3| = 1,2 

Let X] € G^(R3), j e N , be the cutoff function 

1, bl<i, 



0, \v\>3 + l. 



We remark that ^^OX^i does not necessarily imply e L2(M6)^ XjW^i+i/«"+^(0 

G L2(R*') for all j e N. Hence, we can use Xj W^f '5'^(-Da;)/i"+^ as a test function to get 

(4.2.9) \±\\S^{D,)x,Wih''+'f + K\\SN{D,,)xjWi+,h^+^f 

= (G+ - Gr + G2 + G3, 5Ar(i?,)2x^2M/f;i"+i). 

Here and in what follows, the norm || || and inner product ( , ) are those of L'^(R^^) unless 
otherwise stated. We shall evaluate the inner products on the right hand side. Observe that 
Lemma |4?2] gives, for t e [0,T], 

{Gt,Slx]W^h''^^)\ = \{SNX,Wi-iGt,SNXoWi+ih''+^)\ < G||W^,_iG+|| \\SNXjWi+ih''+^\\ 
< G||r*^+(5",g")||ff._^(Re) \\SNX,Wi+,h^^+'\\ 

<C\\g'%.^^e~,\\\\SNX,Wi+,h^^+'\\ 

On the other hand. Lemma [4.21 is not enough to evaluate G^ because G^ contains g'^'^^ which is 
not known, at this moment, to have moments required by Lemma 14.21 However, this obstacle is 
only superficial. Observe that 

Define, 

\a\<k 

and write = H^/t) = Hj,i{gn{t)). By recalling (g^S]), we get 
Here G, G' are positive constants independent of k. 
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The estimate on the remaining two inner products are more straightforward and can be given 
as follows. 

(G2 +G3,^^X-W^i'/i"+') < C||x,W^i-i(G2 +G3)|| \\SNXjWi+ih"+^\\ 



< C{k + l){H;+'y^' \\SNX,Wi+,h-+^ < C"^-^±^H-+' + ^\\S^x^Wi+,h-+Y 

The constants G, C" are independent of e and k. 

Putting together all the estimates obtained above in (|4.2.9I) yields 

~\\SNX,Wih-+Y+^\\SNX,W^+ih-+'f < C" + ^(1 + \\r/%^iMe))] H^r + ^hllHl'iMey 
Summing up estimates for = K^^^ over \a\ < k then yields, 

where 

and Gi > is a constant independent of e, k while G2 is independent of k but depends on e. By 
integrating the above estimate over [0,i] and taking the limit N — * 00, we get 

Jo 

<H-+\Q) + C,K^ f H-i\T)dT + ^ f \\9-ir)\\%,^^^,^dT, t e [Q,T], 
Jo 1^ Jo ' 

which gives a Gronwall type inequality 

(4.2.10) Hj+\t) + K f e^i^"(*"")H;;+\(r)dr 



< e^^^-'H-;\0) + - /*e^^^"(*-^^ll.9"(r)rH.(Ke)dr, t G [0,T], 

for all j G N. Since 

if;:,+^(0)<||.go||^., 
and 1 < eC'i^"(*-^' < e<^i^"*, (|4.2.10p gives 

Hfl\t)+n f Hfl\iT)dr<e^^^-'{\\go\\l. + ^ f \\9"ir)\\%.^^eM , te[0,T]. 
Jo ^ 1^ Jo I ' J 

Since the right hand side is independent of j, we see that {x_;9"(7"+^}jgN, \o\ < k \s weakly* 
compact in L°^(]0, T[; (R^)) and weakly compact in L^QO, T[; L^_^i(R^)). Take a convergent 
subsequence. Apparently, its limit is This is true for all \a\ < k so that we can now 

conclude that 

eX =L°°(]0,r[;fff(]R^))nL2(]0,r[;i7f+i(R^)), 

and by Fatou's theorem, 

< hminf ||i/;:+i|U»(]o.T[) +^liminf ||i/j:+\||ii(]o,T[) 
Now the proof of Lemma [4.51 is completed. 
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We are now ready to prove the convergence of {g"}rieN- Fix k > 0, let Do, go be as in Theorem 
4.31 and introduce an induction hypothesis 



(4-2.11) II.9"IIl~(]o,t[; iff(R6)) < 2£)o. 

for some T e ]0, Tq]. Notice that the factor 2 can be any number > 1. 

(|4.2.1ip is true for n — due to ()4.2.7p . Suppose that this is true for some n > 0. We shall 
determine T independent of n. A possible choice is given by 

(4.2.12) e^^^°^ = 2, ^TDl = l where Ko = k+^^^^, 



or 

log 2 K 

In fact, ((43:8)) and (|4.2.11|) yield that 5"+^ e X and 



T = min 



I n+l|||2 pCiKoT(u u2 , 

\y III ^ <^ \^iiyoii/i-fe(R6) + ^11^ iil°=(]o,t[; _f/f(R8)) 



That is, the induction hypothesis (|4.2.1ip is fulfilled for n + 1, and hence holds for all n. 
For the convergence, set w" — g"'{t) — g"'^^{t), for which (|4.2.4p leads to 

z«"+i|t=o = 0. 

By the same computation as used for (|4.2.9p , but more directly since we can now use test functions 
as SN{D^)^W^d" w"+\ we get 

III n+l|||2^ 1^ CiXoT 1 rrn/ll n + l||2 , II n||2 

lll^f III ^2^26 ^ I ll-L--(]0,T[; fff (R6)) + 11.9 IIl°°(]0,T[; _f/f (R6)) 

+ "^IIl°o(]0,T[; i/f (R6))}|I'^"IIl=°(]0,T[; fff(R8)), 

with the same constants Ci , C2 and ii'o as above. Then, (|4.2.1ip and (|4.2.12p give 

III n+l ^i|||2 ^ o4/^ n2 — It^ii n n— 1||2 

lllff -g III S ^ 021^0^^ ^ \\9 ~g I!l^(]o.t[; fff (r6))- 
Finally, choose T smaller if necessary so that 

4 

Then, we have proved that for any n > 1, 
(4.2.13) < i 

Consequently, {.g"} is a convergence sequence in X, and the limit 

is therefore a non-negative solution of the Cauchy problem (I4.2.ip . The estimate (|4.2.13p also 
implie the uniqueness of solutions. 

By means of the mild form (|4.2.5p , it can be proved also that for each n, 

g"eC7°([0,T];i7f(M6)) 

and hence so is the limit g^ . The non- negativity of g'^ follows because > 0. Now the proof of 
Theorem 14.31 is completed. 



50 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



4.3. Uniform estimate. We now prove the existence of solutions for the Cauchy problem (|4.1.ip 
by the convergence of approximation sequence {17^} as e — > 0. The first step is to prove the 
uniform boundedness of this approximation sequence. Below, the constant C are various constants 
independent of e > 0. 

Theorem 4.6. Assume that < s < 1/2, 7 + 2s < 1. Let go e Hj'{R^),gQ > for some 
k > 4:, I > 3. Then there exists e]0,To] depending only on ||(7o||/ffc and independent of e 
satisfying the following property: If for some < T < Tq , 

(4.3.1) g' e CO(]0,T]; ilf (R^)) n L^{%n ^i+i(R')), 

is a non-negative solution of the Cauchy problem \4^.2.1^ and if T^,,, = min{T, T^}, then it holds 
that 



(4.3.2) 



\\9 IIl°°(]0,T..[; H<1 



Remark 4.7. The case T^ < T gives a uniform estimate of local solutions on the fixed time 
interval [0, T*] while the case T < T^ gives an a priori estimate on the existence time interval [0, T] 
of local solutions. The latter is used for the continuation argument of local solutions, in Subsection 
4-.4 below. 

In the following, p > 0, k > are fixed. Furthermore, recall To = p/{2k). We start with a 
solution 5^ subject to (|4.3.ip for some T e]0,To]. For a G N^, \a\ < k, the differentiation of the 
equation (|4.2.ip implies 

(4.3.3) dtid^'g') + V ■ V,(a"/) + n{v)\d"g') = a^F* (g^ /) - [9", v ■ V,]g^ - ^[9", {vf]g'. 
Since d°'g'^ only belongs to L^, now as in Section [31 we take, 

as a test function in (|4.3.3p . where I > 3 and Pn,i — Sn{Dx)Sn{Dv) Wi (we do not need the cutoff 
functions Lp, ip here). Then we have 



(4.3.4) 



1 d 



^^^\PNAd^9')mU^<^)+^\\WiPNAd"9'){t)\\U^<^) 

+ k([Sn{D^). {vfWiid^g'), SN{D^)PNj{d''g') 

= (Ai +A2 + A3 + Ai + A, P;jjPN,l{d'^g'))L2(^Mej , 

where Ai, A2, A3 are defined in (|4.1.3p with U = V = g and 
A4^-[d", v-Wx]g', A5 = 



L2(Kfi) 



We have firstly, 
(4.3.5) 
and 
(4.3.6) 

We also have 
(4.3.7) 



; J2 C^d^ivrd'^-'-'-^^g^. 

I/3|=1,2 



{A,, PliPNjid'^gn)^.,^^. <C||/(i)||^.(K.), 



{A„ P*,,P^,,(9"/))^.(«e) < C«||/(t)||^.(„,) + J|5^(i)ll^,.^^(KS) 



K([SNiD,), {vf]Wi{d''g'), SNiD,)PN,iid"g')] 
We now study the term Ai by using the non- negativity of and the coercivity of collision operators. 
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Proposition 4.8. Assume that < s < 1/2, 7 e M. There exists C > independent of e such 
that for any a € N^ |a| < fc, fc > 4, ^ > 3, 

(4.3.8) (Ai, P;^,,Pw,i(aV))i.(Re) < C||/(0||?,.(R6)||g^(<)||ff.^^_^(Ke), 

for any < t < T < Tq. 

Proof : By setting h = d'^g'^ , we have, 

= (Qe{ti{t)g^ {PNjh)), {PNjh)) ^^^^^^ 

+ (PN.iQe{t^{t)9', h) ~Q,{fi{t)g', (PNjh)), (PNjh)^ ^^^^^^ 
= Bi+B2. 

Since fj,{t) g'^{t, x, v) > 0, we have, in the same way as Theorem 12.61 with the cancenation lemma, 

1 f f f f _ , s,,s.^/.„ , ,„ .A^, 

dadvdx 



-Si = -o B,{v-v,,a){n{t)g%({PN,ihy ~{PN,ih)) dv, 

J J J JMlxMlxRl^xSl ^ ' 

\ [ [ [ [ (I \2 



2 



E3xR?,xR3 xS; 



B^Xv-v.^, a) {n{t) g")^ ^^({PNjhy^ - [PN,ih)^^ dv^ dadvdx 



^ B,{v-v,,a){n{t)g')J({PN,ih)')' - {PN.ihf]dvMvdx 

J J J jRSxM^xTBlS xS2 I. V / J 

< C III {p{t)g^).,{v-v.,y*{PN,ihfdvdv.,dx 



< C'll.9''(OII//3/2+*(K6 „)||5^(i)||_H-fc(R6 j||g''(t)||^t-^^^(R6^^), tG [Q,T], 

where we used the fact that bs{cos6) < b{cos9). 

By putting Sn = SnIDx) 5* at = S'at we decompose 

B2 - (^SNSN{WiQ,{ti{t)g', h) -Q,{ti{t)g', (Wih))}, (P^jh)^ 

+ [SN{SNQe{f^{t)g^ {Wih))-Q,{flit)g', SNiWih))}, (PNAh) 
+ [SNQe{Kt)9", (SNWih)) -Q,{n{t)g', SNiSNWih)), (PNjh) 

— B21 + B22 + B23. 
By Lemma [2.41 we get 

\B2i\ - [{WlQ,{^l{t)g', h) - Q,{ii{t)g\ [Wih))], [SnSnPnA)) ^^^^^^ 

< C'll/-i(i)/(0llL-(R3:Li ,(R3)) / ||VK;+^+/l||i2(R3)||PAr,;/l||i2(R3)da; 

'+"' JR| 

< C'll3''(i)IU--(R3;L2(R3))||g''(t)||^(c(jj,6)||.9^(t)||^fc^^^(R6), 

< C^ll5'WII^,^(R6)ll/Wllff'=^^^(R6), t e [0, T]. 
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It follows from Lemma l373l that 

IS22I < ||^^^Q,(^(^)g^ {Wih)) - Qe(A*W/, ~S n {Wih))\\l, f^^.^d^ ||Pjv,i/i|U^(R«) 

< C'llM(i)3''(i)llL°°(R3;Li^(R3))ll^/+7+'*IU='(RS)ll.9''(0llfff (R6) 

< C||/(i)||2^.(„,)||/(t)||^.^^^(„.), t e [0, T]. 

Lemma [3.41 with m — 2s yields 

\B2z\<C\\SNQW)g', {SNWih)) - Q{ti{t)g' , 5^ (^^l^/Zi) )|1l-(r3, l^(k3)) ||Pa.,,;i|U2(„.) 

< C||^(t)Vi,5''||ioo(R3_ il^^^^^^(R3))||(2"^S'Ar(W//l)||i2(R3^ ^2_a^^^^^(R3))|jPAr,i/l|jL2(R6) 

< C||/(t)||^.(R,)||/(t)||^.^^^(„6), i e [0, T]. 
Combining the above estimates proves Proposition 14.81 

For the term A2 and A3, we prove the following proposition. 

Proposition 4.9. Assume that < s < 1/2, 7 + 2s < 1. Then, for any 5 > 0, there exists C > 
independent of e > such that for any a G N^, \a\ < k, k > 4, I > 3, 

(4.3.9) + ^';^,iPjv,i(9"5^))^2(K6) < C^ll5'Wll^f(R6)ll/Wllff'^^^^^^^^^,^(R«), 

forte[0, T]. 

Proof. By putting h = d'^g^ and /i = W-'^P^ jPN,i{d°'g^) , we get 



(^2, 



- u*, <7){n^{t) - ^i'^{t)){g%h' {Wfh)dv^dadvdx 

K3xR3xR3 xSJ 



< / / / / B{v~v.„ (j)\^i.,{t) - ^tWI |(VFi/i)'(VFi/i)|d?;*dadwda; 



MB(z;-«,, (T)\{^l*{t)- ii'M)\\{fyA\Wi-Wl\ \h'{Wih)\dv,dadvdx 
_:3xR3xR3 XS2 

= /i+/2. 
To estimate Ii , we notice that 

(4.3.10) Ht,v,)~fi{t,v:)\<C\v,-vX <Ce^\v^v,\^ <Ce^\v'~v:\\ AG [0,1], t€ [o,ro], 

which is elementary for A = 0, 1 and is obtained for general A € (0, 1) by interpolation. Since 
7 + 2s < 1 is assumed in the proposition, there is A € (0, 1) such that A > 2s, 7 + A < 1. By the 
manipulation on the primed and non-primed variables ( see (|4.1.5p ) we have 

h<C ffff {v' - <)(^+^)^^-'-'"+^|(/)'J \{Wih)'\ \{Wih)\dvMvdx 

J J J JR3xR3xR3_^ xSJ 

<clll 0-^-^'+^\{W^^+^^^g%\{ f \{Wi+^,+^j+h){Wihy\dv}dv,dadx 

< "^llff^ (*) II L--(K3;Lj_^_^^^_l_(RJ))||5^(0 II _f/f(R6) 113^(^)11 //^'»^^^_^^^_I_(R6) 

< C'||.g'^(i)||^fc,jj6)||ff^(OII//'' , (K8)' 

for Z > (7 + A)+ + 3/2. In the third inequality we have used again the fact that the Jacobian of 
changing of variable u ^ u' is bounded. 
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Using (|2.1.14p gives 
h<C 

J J J JW3y,]g^3^^3 xSJ 

C{Ji + J2). 



By the Schwarz inequality and the Sobolev inclusion, we have 



Ji < C 
< C 



'H, (t) I {Wi+^+ g% {Wi+^+ hy{Wih)\dv, dadvdx 



1/2 



e-^-^'fi,itf\iWih)\^dvdv,daj 

\ 1/2 

-^'\iWi+^+g%{Wi+^+hy\^dvdv,da) dx 



< C'IImIU2(b3) / ||VP"/ft(x)||L2(R3)||W^,+^+/(a;)||L2(R3)||py/+^+/i(x)||L2(R3)dx 

< C'll5^llL°°(B3;L2(RJ)||VF/+^+/l||L2(R6)|jVKi/l|j2;,2(R6) 

On the other hand, again by the manipulation on the primed and non-primed variables. 



J2<C 



< c 



IxR^xR?, xSJ 



^Wt)Wi+^+g'yjWi+^+hy{Wih)\dv,d<Tdvdx 



i-2«|(M(t)l^,+^+/)*|{ / \Wi+^+h\\{Wihy\dv}dv, 



dadx 



/R3xR3^XS2 

< C'||M(t)VF,+^+5''||ioo(R3.il(R3))||W';_^^+/(,||i2(R6)||W//l|lL2(R6) 
^ C'll5^llff-fc(R6)||5'^||H'Y^^(R6)- 

Here, we have used < C. 

We consider now the term ^3. For any a G N^, |a| < fc, fc > 4, ^ > 3, denote 



where 



tti + a2 < a, a2 < a . 



We shall compute 
(T,{h,, h2, fl), W^h) 



RJxRJxR?. xSJ 



Be{il.,{t) - fl'^(t)){hiy^h'2{Wfh)dv^dadvdx 



Be (A/Ji)'* (VK; - W[) h'^{Wih)dv^dadvdx 



(Q,{fLhi, {Wlh2)),Wlh 
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For the last term, by Theorem 12 . II with m = 2s < 1, there exists C > independent of e such that 
for \a2\ < lal — 1 and (5 > 0, 



Qe(Ml, W/i2))|lL2(R6) < C / ||/2/li(t, •)||^i (R3)||(VF,/l2)(i, •)lli/2, ^iw^)dx 

. C\\ilhi{t)\\l^^^, , (R3))||(W^i/'-2)Wlli2(R3. (R3)), |ai|<2, 

^ ^ 3/2 + (7 + 23) + +a^ ^ ^' (t + 2s)+^ ^" 

CUhi{t)\\l, , , (R3))ll(W^i/i2)Wlli=o(R3, ^2. (R3)), |ai|>2, 

^ 3/2+(t + 2s) + + 5^ ^ (t + 2s)+^ 

^ C'||/ll(<)||^3/2 + i(R3. i2(R3))||(W^z/l2)(i)|li2(R3. ff2^=^^^^^(K3)) , |ai|<2, 

C||/ll(i)|li2(R3. i2(R3))||(VF;/l2)(i)||^3/2 + 5(R3. ^2.^^ j+(RJ)) ' '"l' ^ ^' 

< C\\g%t)\\l,,^, \\g%t)\\l, /c>4>3 + 2s, (7 + 2s)+ + 3/2. 

The estimation on the first term is similar to (A2, W;^/i)l2(r6) by taking into account the same 
manipulation concerning a2- The estimation for the second term is also similar to the part J2 of 
I2 as above. Hence, we have obtained 

(4-3.11) 1(^3, < C\\9'ml^^u<^^\\9%mHr,^^,^iM<^y 

This completes the proof of Proposition [49l 

If ((iX5)) . dOH), ((iX7)) . (jiXB)) and ((O:^ are combined, then it follows from that 

i|l|P^.K5V)Wlli2(Ra) +^||W^lP^,z(5V)Wlli2(««) - f ll5^WII?^.^^(«e) 

Take the sum over |a| < fc, integrate from to t e [0,T] and make N 00. Then there exists 
Ci, C2 > independent of e > such that , for any S > and t G [0, T], 

(4.3.12) 

< ll/(0)llff,nR«)+C'l / ll/MllH,'c(K6)rfr + C2 / |l/(T)|l^.(R6)|l/(T)|lff. ^(R6)dT. 

Remark 4.10. We give here some technical reasons about the choice of the time dependent dis- 
tribution fi{t) as moment control in the equation // we take k — in the definition of 
Maxwellian distribution fi{t), the above computation gives also \4-.3.12^ without the second term 
on the left hand side because k = 0. But the upper bound estimate, by using Theorem \2.1[ always 
gives the last term in U.S. 12^ with the factor \\g^{t)\\uk me\. If^ + 2s < 0, there is no loss 

of moment, we can get ^4-^.13^ with k = 0. If < j + 2s < 1 , we choose S .such that 7 + 2,s + (5 < 1 
so the second term on left hand side absorbs the last term in \4-.3.12^ because 

1 1. 9" (011//'= _^(R6) < \W{t)\\H<;=^J9fi)- 

In conclusion, the choice of fj,{t) is mainly for the hard potential. 

Completion of proof of Theorem [m Set X{t) = ||5''(t)||^A.(R6) and F{t) = J^X{t){1 + 
X{T))dT. Since 7 + 2s < 1, by (|4.3.12p there exists a C > independent of e > such that 

2 

+1 



(4.3.13) ^W+o/ \\fi^)\\k^,mdr<X{0) + CFit) 
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Noticing that F'{t) < {X{0) + CF{t)) (l + X{{)) + CF{t)), we have 



l-(e«-l)|jgo||^. 



as long as the denominator remains positive. We choose T* > small enough such that 

= 4 

l-(e^^.-l)||5o||^.(«.) ■ 

Then ^ 

= — log ( 1 + — — 

is independent of e > 0, but depends on ||.9o||ir''(R6) and the constant C which depends on p, k, k 
and /. Now we have for T** = min(r,r,). 

From (|4.3.2p and (|4.3.13p . we get also, for k > 0, 

(4.3.14) «ll/lli.(]0,T..[;i/,^(R«)) <2||50||?,.(Ma) (1 + 2^,(1 + 2||go||?,.(K.))). 

We have proved Theorem 14.61 



4.4. Convergence and uniqueness. The second step is to prove that, for any < e < 1, we 
can extend the approximation solution g*^, obtained by Theorem 14.2.11 to a fixed interval ]0,r*[ 
with T* > determined in Theorem 14.61 which is independent on e > 0. Then this sequence is 
convergent. 

Theorem 4.11. Assume thatO < s < 1/2, j+2s <l, go> 0, 50 G (M^) for some fc > 4, l>3. 
Let > be given in Theorem \4.6\ Then the Cauchy problem {4^.2.1^ admits a unique non-negative 
solution up to T, satisfying 



Proof: We recall the notation T = T^{Dq) from Remark 14.41 Then Theorem 14.31 asserts that the 
Cauchy problem (I4.2.ip with initial data go admits a unique non-negative solution 



If Ti ^ > T», then the proof is completed. If Ti^^ < T*, then Theorem 14.61 implies 

l!.9l(ri,e)lliff (K6) < 2 ||5o||_H-fc(R6)- 

We now consider the Cauchy problem (|4.2.ip with initial data g'^{Ti ;,). Again Theorem 14 . 31 asserts 
that there exists ^ 

T2,e = 2^e(2|lffo||/i-k(][j6)), 

such that the Cauchy problem (j4.2.ip admits a unique non-negative solution 

By uniqueness of solution, we obtain a non- negative solution of the Cauchy problem (|4.2.ip . 

/eCO([0, ri,, + 2r2,e]; Hf{M.^))[\LWQ,Ti^, + 2T2,e[, i?i+i(K')). 

If Ti.g -I- 2r2.£ > 7 we finish the proof. If Ti,^ + 2r2.e < , we consider again the Cauchy problem 
(|4.2.ip with initial date g^{Ti,^ -\- T2^e)- Since Theorem 14.61 gives again 

\\g^{Tl,e +T2^e)\\Hf{R^) < 2 ||5o|| (R6) , 

the interval of the existence of solution is the same, that is, 2r2,e, so that we can extend the 
solution to 
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By iteration, there exists m e N such that 

and we extend the solution up to 

/eC°([0, Ti,, + (m + l)T2,,]; i/f (R^)) fj L^QO, Ti,, + (m + l)r2,,[; i?f+i(M^)). 



We have proved Theorem 14. Ill 

Theorem 14. 1 1 1 asserts the existence of an approximation solution sequence 

and 

II.9'^IIl°=(]0,T.[; fff(R6)) < 2 ||go|lHfc(R6)- 

This implies that it is a weakly* compact set of L°°(]0, T^[; i/f (R^)). Let 

be a limit of a subsequence of {s'^j^^g- 

On the other hand, by using the equation (|4.2.ip and Theorem 12. 11 we obtain 

ll^f^^llLooOo^T.!; _fff„-i(R6)) - '^{\\f\\L°'(]f),T,[-Hf{V!^))+ ll?" II (]o,T. [ ; fff (Re))) 

< 2C (1 + 2||.go|lifj''(R6))||goll_H-fc(R6)- 

Thus, {s^lg^Q is a compact subset in 

for any compact bounded open set fl C Mi^ and for any 5 > 0. For the variable v, we have the 
weight Wi-i with / — 1 > 3/2. Then, we can take the limit in the equation (|4.2.ip and also in 
the mild form (I4.2.5p . Then g is a solution of the Cauchy problem (|4.1.ip . The limit g belongs to 
L2(]0,T4; Hj':^^{M.^)) deduced from (|4.3.14p . Now if go > 0, Theorem implies that 5^ > 0, so 
that the limit g is also non-negative on ]0, T^,[. We have completed the proof for the local existence 
of solutions stated in Theorem 14.11 

It remains to prove the uniqueness of solutions in Theorem 14.11 We state it more precisely as 
follows. 

Proposition 4.12. Assume that < s < 1/2, 7 + 2s < 1, < T < To, to > 3 and go > 0, go € 
iJ™(M^). Suppose that the Cauchy problem (j4.1.ip admits two (non-negative) solutions 

3i,52eC7°([0,T]; i/r(R6)). 

Then gi = 92- 

Set / = gi — 52 , by using (|4.1.ip , we have 

(4 4^1) 1 ft + v-v^f + k{i + \v\^)f - rHffi, /) + r*(/, 52) , 

1 /|t=o = 0. 
We can now take W^f as a test function to get 

(4.4.2) il||t^3/(i)||2,^^,^ + «;||W-4/Wlli2(Re) = {w^T\g,, /) + W^T\f, 52) , W^f) 
Recall that 

r*(5, h) = Q{ii{t)g, h)+ f B{^i{t), - fi{ty,)gih'dv,da. 
We estimate the last two terms of (|4.4.2p in the following lemma. 
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Lemma 4.13. Assume that gi > 0. Then for any s > 0, there exist constants Ce > and 
K{e,\\g2\\L-=^(\o,Tl;H^{Re))) > such that 



(4.4.3) (w-3r*(5i, f),Wsf)^^^^^^<e\\Wd{t)\\l^,^^e^+C,\Ml^Q^^^^^^ 
(4.4.4) 



(W3r*(/, 52),M^3/ 



< £11^/4/(01112(86) +K{e, ||g2||L~(]0,T[;ff3"(E«5)))||l¥3/(0llL2(R6). 



^ h.W VV A I \ I, 

Notice that by using the above lemma with e = k/4 and (I4.4.2p . we get 

^I|W/3/(0IIl2(R6) < (c||5l|li~(]0,T[:ff';"(R6)) + -^(eJl32||L = (]0,T[;ff;'(R6)))^ ||ty3/(^)|!i2(R6). 

Then || VF3/(0)||i2(R6) = imphes || W^3/(i)llL2(R6) = for all < t < T which gives Proposition 
Proof of Lemma 14.131 As for (|4.4.3p . we have 

= (w^3Q(M(t)5i, /) , ^3/)^^^^^^ + ////^ " ii{t):)gU'WifdvMvdx 

QWt)gi, Wsf) ,Wd) ^^^^^^^ + {w3Qi^l{t)g,, /) - Q(M(i)ffi, W^f) ,^^3/) 
B (^(t)* -^(t)'j5i,(iy3/)V3/dw*dcrdwdx 



B (/i(t), - Ai(i)'j5i*(W/3 - W;,)fW3fdv,dadvdx 
= D1+D2 + D3 + D4. 
The term Di is similar to i?i in the proof of Proposition l4.8l By using /i(i)gi > 0, we have 

Di < C'||5i(t)||H3/2+i(R6 ^j||/(0IL|(K6 jII/(0IIl2^^^(R6_ Jl 
for some small 6 > 0. The term D2 is similar to B2 and we can obtain 

\D2\ < C'||5'i(^)||h3/2+5(i56 j||/(t)||L|(R6 jll/(0llL2^^^(Re ^,)- 

The terms , D4 are similar to Ii , I2 in the proof of Proposition 14.91 Namely 

\D3\ + \D4\<C\\gi{t)\\^e,2+s J!/(i)ILi(R^ „)ll/(t)llL^ , ..+ (RSJ- 

Thus, for any < t < T and m > 3, we have 

W^T^g,, /),T^3/)^^^^^^ <q|5l|!L~(]0,T[;//r(RlJ)ll^3/(i)||L^(Rg,j||W-4/(0llL^(RS^ 

which implies ()4.4.3p . The left hand side of ()4.4.4I1 can be written as 



(W3Q{fi{t)f, 92),Wsf)^ + ffff^ ~ fimrj^W^fdv^dadvdx 



{w3Qi^i{t)f, 92),W3f)^ + ////^ " m:)fi{W3g2yW3fdvMvdx 



L2(R6) 

B ipit)^, - ^iit):)f^{W3 - W^)g'^W3fdv,dadvdx 
= Ei+E2 + E^. 
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Using Corollary 12.51 with m — 0, 1 — 3 gives 

|i?l|< / ||W^3Q(mW/, 52)||L2(R3)||W^3/llL^(R3)dx 

<C IImW/IIlI _,(R3)||g2||H2a _^(R3)||W3/||L2(R3)da; 

< C|l52||L~(]0,T[xR3;ff|^^_^^^^^^^^(R3))||/(i)||L2(R6)||W3/(t)||L2(R6) 

< C'll52 11^00(10 Tf-_f/='''^ + ^ = + ^ CR3-))l|W^3/(i)|li2(R6). 

"■J ^ 3+(T + 2s + i)+^ 

The term E2 is similar to Z^a, and we have 

< C'||/(t)||i2(R3.il^^^^^^^^(R3))||52|!L=o(]0,T[xR3;L2^_^_l_(R3))||W^3/(0IU2(E6) 
-^''■^(*)II^W«. + 2. + .,+ («'))ll^2|li^(]0,T[;H^/^_^+^^ 

< C'll32|| i,=o(]o,T[;fff '^+'(R6))ll^3/(i)|li2(R6)). 

For the term E3, we can use (12.1. 15p with 1 — 3. Then 

|i?3|< JJJJ b{cos9) {v - v,y \fi{t), ~ fi{t):\\f'J |W^3-W^3| \9'2\\W3f\dvMvdx 
- ^ nil \{W^+^+f)'M{W^+^+g2)'\\W3f\dvMvdx 
+ C IIIJs^^'' {^)b{cose) m'*WI(W^3+7+/)*I I(W^7+.92)'I mfldv.dadvdx 
+ ^ JJJJ sin' (^)&(cos^) M*WI(W^3+7+/)*I l(l^7+52)'| |W3/|dz;*dadz;da; 

= -Es,! + -£'3,2 + £'3,3. 

Since < 2s < 1 is assumed, for any e > there exists > such that 

JR3 1+"' 
< C'||/(i)||i2(R3.il^_^_^(R3)) |!52|!l°°(]0,T[xR3;L|(R3)) 1 1 / ) 1 1 L| (R6 _ J 

- ^"^(*)"^3/2+.+i+.+ («l^) II52IIl~(]o,t[;hJ/^+^(r2,j) ll/WI!ii(RS,J 

Similarly 

1-^3,21 -'^ J^^ \\Kt)f{t^ 2:, ■)\\Li^_^^{mi) \\g2{t, X, OIL^^^iR?) 2;, OIIlkr?) c'a; 

< C'll32|liooQo,T[;fff/^ + ''(R6 ^))I1/(0IIl2(R6^)|!W^3/(0IIl2(R6 J . 

Since 3/2 + (3 + 7+) > 4, we can not estimate i?3.3 in the same way as for £^3,2- Instead, we have 

1^3,31 < C^||W^7 + 52||l~(]0,T[xR6,J JJJJ eHicOsO) ^l.{t)\{W^+^+f)'^ \ |W^3/| dvMvdx 

< C'||52|lioo(]o,T[;_f/|+^(R6 j)^^ (/// /i*(t)|W3/P|dw*dcrdu^ 
^6(cos6') /i*(t)|(W3+^+/)tp |du*da(iw^ ' dx. 
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We now take the singular change of variables v'^ ^ v. The Jacobian is computed in p. 1.211) which 
is of the order of 9^^. Then this singular change of variables yields 



fb{cos0) ^l,{t)\{W3+^+ fYX \dv,dadv 

< cjj D,{v,,v:) ^I.4t)\{W3+^+f):\^\dv^,dv:, 

with Di{v*,v'^) = e^-^b{cos9)d(j < C /j/4 (f - 7/^)-2-2''+5-2^^ < (J Hgnce 

fb{cos9) Ai*(i)l(W^3+7+/)*P I dv.dadv 

< C\\n{t)\\mmi)\\W3+^+f{t, X, •)lli2(R3). 
Therefore, 

|^3,3| < C'||52|lioo(]o^T[;ff|+*(K5 J) II ^^s/ll L2(r6_ j || 1^3+^+ /|| l2(r6 j . 

By combining the estimates on Ei, E2, E^, we have proved (|4.4.4p . Now the proof of Lemma [4. 131 
is complete. 

4.5. Proof of Theorem [TT2I Assume that /o € £o°(R'''). Then there exists po > such that 
ePoivf e i7'^o(R6). Choose < p < po and k > small enough. By setting go = e''<">Vo, then 
go e hI'°{R^) for all I e N. Theorem liH asserts that the Cauchy problem (|4.1.ip with the initial 
datum go admits a non-negative local solution 

g e C"{[0,T4;Hl'°{R'^))f]L\]0,T4;Hl'°^{R^)), V Z e N, 
with G]0,To] (To = |:). Then 

= e-(''-''*)<'^>'g(i,a;,t;) E C°([0, T,]; ijf" (R^)) p| ^2^0^ [. ^fco (r6))^ y ^ ^ 
is a non- negative solution of the Cauchy problem ()1.6|) . Since for < i < < Toj 
(4.5.1) ef^''^' / e C"([0,T,];i/*'-''(R6)), 

we can conclude / G £''°{[0,T^,] x R^ j,), which leads to the local existence stated in Theorem II .21 
Suppose now for some /o € fg(R^), the Cauchy problem (|1.6p admits two solutions /i G 
f ^([0, Ti] X R^^) and /a G £''([0, Ta] x R^ „). This implies that there exist po, Pi, P2 > such that 

and 

ePi(->'/^ G C°([0,ri]; H^R"^)), e''^^''^'^ G C°([0,T2]; //^(R*^)). 

Take < p < min{po, pi, P2} and k > sufficiently small such that ^ > T** = min{Ti,T2}. 
Then we have 

50 = e''<''>Vo G i/f (R6), 

for any I E N, and 

^ Vi e C"([0,T„]; iI,4(R6)), <?2 = e^P-'^'^^-^" f2 G C°([0,r„]; i/f(R^)), 

are two solutions of the Cauchy problem (|4.1.ip with the common initial datum go. Then Propo- 
sition [47121 gives 91 — 92, so that /i = /2 for t G [0,T^,^,]. Now the uniqueness of solutions stated in 
Theorem 1 1.2 1 is obvious since Ti — T2 —T^,^,. 

On the other hand, in view of (|4.5.ip . ||/(t, x, is continuous for {t,x) G [0, T*] x R^. 

Therefore, if for a compact if C R'^, we have 

inf ||/o(a;, = cq > 0, 
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then there exist < To < and a closed neighborhood of K denoted by Vb in Mi^ such that 

inf \\f(t,x,-)h^>^. 

it,x)e[0,To]xVo ^ 

Now Theorem 11.11 imphes that 

/ G fl 7i+°°(]0,fo[xK, X R3) c C°°(]0,fo[xFo;5(R3)). 

ZGN 

It remains to prove the uniqueness of solutions of Theorem II. 21 in the soft potential case 7 < 0. 
In this case, the uniqueness of solution can be proved in a larger functional space. We state it as 
follows. 

Proposition 4.14. Assume thatO <s<l/2, 7<0, 0<r< +00 andm > 2s+3/2, I > 2s+3/2. 
Let /o > 0, /o € Hl^2s{^^)- Suppose that the Cauchy problem (II. 6p admits two non-negative 
solutions 

/i, /2eL°°(]o,r[; Hll,M'))- 

Then /i = /2 . 

Proof: The proof is similar to the one for Proposition 14. 121 Set F — fi — f2, by using l|1.6p . we 
have 

Ft+v\/,F^Qih, F)+Q{F, /2), 
F\t=o = 0. 

We can now take WiF as a test function to have 

(4.5.3) ~\\Fm%i,u.)^ {WiQih, F) + WiQ{F, h) ,WiF) 

Since /i > and 7 < 0, similar to the analysis on Bi in the proof of Proposition 14.81 we have 



(4.5.2) 



[Q{h, WiF),WiF 
Using (I2.1.17|) with 7+ = gives 

(WiQ{h, F)-Q{h, WiF) ,WiF) 



and 



[WiQiF, h) - Q{F, W,f2) ,WiF^ 
Finally, for I > 3/2 + 2s, we have 

[Q{F, Wif2),WiF 



< C'll/l(^)llL=°(R3;Li(R3))ll^(^)lli2(5,6 J. 

< (^\\fl{'t)\\L°°{Rl;LfiR^))\\F{t)\\l2(^g^s j, 

< (7||F(t) 11^2(^6^^) II /2(i)||ioo(R3.i2(R3))||i^(t)||i2(R6^^) 



i2 



< \\m\\Lf( 



<C\\Q{F, W^,/2)|U.(K«)||^^(i)||L2(R6) 

\ 1/2 

\\F{t,X, ■ ) II il^(R3) 11/2(^,2^, • )\\h2sj^3j 



< C||i^(t)||^2(]jj6)||/2(i)||L=°(R3; fffl^JRj)). 

Thus, we have, for any < t < T and S > small enough, 

^II^WIlLf(R6) < C* (ll/l|lioo(]o^T[; Hf/'+'(RS.J) + ll^2|li=e(]o,T[; //f_(2+'+'= (Rg, J) ) 

Therefore, ||F(0)||i2(j,6) = implies ||F(i)||i2(R6) = for all t e [0,r[. 
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